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The main concepts and principles of basic prob-
ability theory are introduced: random variables
and random processes, laws of large numbers, cen-
tral limit theorem, Markov chains, and limit the-
orems for them. They are illustrated by supplied
examples and exercises. The course does not re-
quire knowledge of measure theory, and we refer
to standard facts as they are needed.
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1 Historical remarks (optional)

1.1 Mathematical gambling

The probability theory is a branch of math which studies random phenomena. The main concept of
the probability theory is an event (e.g., “coin toss is head”, “roll a dice by side 3", etc.). Now days,
there are plenty amazing illustrations of usefulness of this concept almost everywhere. To begin with our
introduction to the probability theory, let us chose the following famous historical problem which had led
to developing basic ideas of the probability theory three and half centuries ago.

In 1654, Chevalier de Mere has met some paradox in his gambling practice. He wrote an angry letter to his
friend Blaise Pascal (a mathematician with whom de Mere discussed mathematical aspects of gambling),
accusing mathematicians in creating incorrect theories contradicting the common practice. Now this
“paradox” is known as the Mere problem or the problem of points: 8 fair dice are thrown, which
sum of numbers “appears more often”, 11 or 127

De Mere was thinking that the expectation of 11 and of 12 must be equal (accordingly to what he
understand from “mathematical gambling”), indeed

11=6+44+1=6+3+2=54+5+1=54+44+2=5+34+3=4+4+3,
the six equally likely possibilities, and
12=64+5+1=6+44+2=64+34+3=0+50+2=5+4+3=4+4+14,

the six equally likely possibilities! But, after a long series of experiments, de Mere got different “practical”
answer. What is wrong? His friend Pascal (after a quite long mail conversation with Piere de Fermat)
solve the problem as follows.

Consider the six combinations of numbers (from 1 to 6) a,b, and ¢ (with a # b # ¢ # a):
(a,b,¢),(a,c,b),(b,a,c),(b,ca),(ca,b),(cb a),
as different (with the equal probability of appearance, of course).
The unordered triple {6,4,1} appears 6 times by ordered triples
(6,4,1),(1,6,4),(4,1,6),(6,4,1),(1,6,4),and (4,1,6);

the triple {6,3,2} — 6 times; {5,5,1} — 3 times; {5,4,2} — 6 times; {5,3,3} — 3 times; and {4,4,3} — 3
times. Thus, the sum 11 appears
6+6+3+6+3+3=27

times.

The triple {6,5,1} appears 6 times; the triple {6,4,2} — 6 times; {6, 3,3} — 3 times; {5,5,2} — 3 times;
{5,4,3} — 6 times; and {4,4,4} — 1 time. Thus, the sum 12 appears

6+6+3+3+6+1=25

times (25 # 27) out of 6 x 6 x 6 = 216 possible results.

Hence, in a long series of dice throwing, the sum 11 appears more often than 12.



1.2 Modeling of events

We need a math model for describing random events that are result of performing an experiment. We
cannot use frequency of occurrence as a model, because it does not have the power of prediction. First,
we define a state space (or sample space) that we will denote by S. We consider elements of S as outcomes
of the experiment.

Then, we specify a collection A of subsets of S. Each of these subsets is called an event. These events
are sets we can talk about the probability of them. When S is finite, A can be taken to be the collection
of all subsets of S.

The followings are the examples for the finite S.

Example 1.1 Roll a siz-sided die; what is the probability of rolling the six or five? First, write a sample
space. Here is a natural one:

S =1{1,2,3,4,5,6}

In this case, S is finite and we want A to be the collection of all subsets of S. Clearly (outcomes are
equally likely, since the dice thrown suppose to be fair)

P({6,5}) = P({6}) + P({5}) = 1/6 + 1/6 = 1/3. O

Example 1.2 For the de Mere problem, the sample space is
S ={(a,b,c)| a,b,c €{1,2,3,4,5,6}}.

All (a,b,c) € S are equi-likely. The cardinality (the power, or the dimension) of S is 6 x 6 x 6 = 216.
So, we have 216 equi-likely outcomes. In this case P((a,b,c)) = 1/216 for every a,b,c € {1,2,3,4,5,6},

P({(a,b,c)] a+b+c=11}) = 27/216,
and

P({(a,b,c)| a+b+c=12}) =25/216. O

Let A be the class of all events for the sample set S. Under the operations U, N, and ¢ is a Boolean
algebra.

Definition 1.1 A Boolean algebra is a non-empty set A on which operations union U, intersection N and
complement ¢ are defined such that
A Be A= AuBeAandANBe A

Ac A= A°c A

and satisfying the following axioms
(i) Commutativity AUB=BUA, ANB=BNA
(i1) Associativity (AUB)UC =AU (BUC), (AnNB)NC=ANn(BNC)
(i1i) Distributivity (AUB)NC =(ANC)u(BNC), (AnNB)UC=(AuC)N(BUCQC)

(iv) Absorption (ANB)UB=B, (AUB)NB=208
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(v) Associativity (ANA)UB=B, (AUAYNB=0B

Also from (4i7) and (iv), idempotent laws are satisfied, ie. AUA=Aand ANA=A,VAec A

If A= AN B or B= AU B then the event B is said to include an event A. The inclusion is denoted by
C and the inclusion relation is a partial order relation on A.

Moreover ) = AN A and S = A U A€ are called the imposible event and the sure event of A. The
definition does not depend on A € A. Two elements A, B are called dsjoint if AN B = 0.

Definition 1.2 An element A € A is said to be an atom if A# 0 and B C A implies B=10 or B = A.
Lemma 1.1 If A is an atom then for any element D € A either A C D or A C D°.

Proof: Let A be an atom. Then for any element D € A, DN A C A. Hence either AND = () or
AND = A. Therefore if AND =0 then AC D orif AND=Athen ACD. R

Remark that if A and B are distinct atoms of A then A and B are disjoint.

We want more than algebra for events, because we want to deal with sequences of events. Therefore we
define o-algebra.

Definition 1.3 Let S be a sample space. A non-empty class A is called a o-algebra if

(i) S €A,
(ii) if A€ A then A° € A,

(i1i) given a sequence (Ap)n C A, we have U, A, € A.

1.3 Function of probability

Once we have a sample space and an event-space, we need to assign a probability to every event. This
assignment has to satisfy some properties.

Rule 1. 0 < P(A) <1 for every event A.
Rule 2. P(S) < 1. Something will happen with probability one.

Rule 3. (Addition rule) If A and B are disjoint events (i.e. AN B = (), then the probability, that is at
least one of the two occurs, is the sum of the individual probabilities. More precisely, put P(A U B) =
P(A) + P(B).

In what follows, we use freely the common set theoretical symbols and the terminology. For instance,
P(S) is the power set of S (= the set of all subsets of S), A\ B the set of elements of A which are not in
B, B¢ =5\ B is the complement of B C S in S, etc.



1.4 Countable additivity

Recall that a set X is said to be countable infinite (or, just countable) if there is a bijective (1-to-1 and
onto) function from N = {1,2,3,...} onto X, in other words, if we can count X. Examples of countable
sets are N, Z, Z2, and Q. An example of an uncountable set is any nonempty interval in the real line R.

One can form countable union of sets by defining (J;~; 4; to be the set of elements that are in at least
one of the sets A;. Similarly, ﬂZZl Aj; is the set of elements that are in all of the A;s simultaneously (if
there are no such elements, then the intersection is empty).

Rules 1 — 3 suffice if we want to study only finite sample spaces. But infinite sample spaces are also
interesting and much more useful. This happens, for example, if we want to write a model that answers,
what is the probability that we toss a coin 12 times before we toss heads? This leads us to the next, and
final, rule of probability.

Rule 4. (Extended addition rule) If Aj, Ag, . . . are (countably-many) pairwise disjoint events, then

P(G Ai) - i P(A,).
i=1 =1

This rule will be extremely important to us. It needs to be assumed as a part of the model of the
probability theory, which we going to study in this course. In the next lecture, we continue with exact

definitions of this model and consider further methods for defining (and calculating) of the probability.



2 Axiomatic approach

2.1 Probability axioms

Given a sample space S, an algebra A C P(S), and a function P : 4 —
R. The triple (S, A, P) is called a probability space (and P(A) is
called the probability of an event A) if A is a o-algebra (algebra of
events) and

1.0 < P(A) <1foreach A € A
2. P(S)=1.

3. P(U,An) = Y., P(A,) for every pairwise disjoint sequence A, of
events.

[t should be emphasized that, in many cases, a choice of a proper proba-
bility space is the subject of an experiment.

Example 2.1 If S is either finite or countable, then (S, A, P) is called a discrete probability space.
Clearly, in this case, P is uniquely determined by values P({a}) for all a € S such that {a} is an event,
namely

P(A) = Y  P({a}) (AeA). O

acA{a}eA

Consider the following example of a “non-discrete” probability space.

Example 2.2 Suppose that we choose randomly a point in the interval [0,1]. In this case, events are
exactly the Lebesgue measurable subsets of [0,1], and the probability is the Lebesque measure p of these
subsets. This simple probability function P(A) = u(A) of a dropped randomly point to fall into A C [0, 1]
1s called the geometric probability.

A slight modification can be obtained if we replace [0,1] by any Lebesque measurable subset S of R™ of a
finite Lebesgue measure \(S) and define P as follows

P(A)=XANS) (Aisa Lebesgue measurable subset of R™). O

Example 2.2 motivates the following definition which is fairly important
in the probability theory. Later on we will extend this definition to an
infinite sequence of probability spaces.



Definition 2.1 Let (S, Ay, P1), (S, A2, Py), ... (S, Ay, B,) be prob-
ability spaces. Define a probability function P on rectangles Ay x Ag X
.. X A, where A, € A;., by

P(Al X AQ X ... X An) = P1<A1> . PQ(AQ) C et Pn<An),

and “extend” P to arbitrary “measurable” subsets of the Cartesian
product S1 X Sy X ... x S, (at this point some measure theory is needed,
but it is not included tn our course, so, we just accept such possibility
of this extension as well as its uniqueness).

The above defined probability P on Lebesgue measurable subsets of the
Cartesian product S = .57 X Sy X ... X §,, gives a rise to the probability
space (S, A, P), where the algebra of events is the Lebesgue algebra of
S. This probability space is called the product of probability spaces
(51, A1, Pl), (SQ, ./42, PQ), cee and (Sn, An, Pn)

Example 2.3 Let (S, P(S), P) be a probability space. In order to define P it suffices to assign a probability
p(s) to each outcome s € S so that:

0<p(s)<1 (vVsef8) & Zp(s)zl.

SES

Indeed, in this case the probability function P is given by P(A) = > p(s) for all AC S. O
s€A

2.2 Independence

Definition 2.2 Two events A and B are independent whenever
P(ANB)=P(A)- P(B).

Example 2.4 Suppose you draw a card from a a standard deck. Let H be you drew a heart and K be
that you drew a king. Since

1
P(HNK) = P(king of heart) = — =

= = P(H)P(K).

€
13

I

the events H and K are independent. [
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Lemma 2.1 For any two events A and B the following conditions
are equivalent:

() A and B are independent;
(i) A and B¢ are independent;
(731) AC and B¢ are independent.

Proof: Since A® = A, it is sufficient to prove (i) = (ii):

P(ANB®) = P(A) — P(ANB) = P(A) — P(A)- P(B) = P(A) - (1 — P(B)) = P(A)P(B°). W

Definition 2.3 A family {A,} er of events is called:
(i) independent if, for each finite subfamily {4, }=%, there holds

P(Aw N A, 0 A%) — P<A71) ' P(Aw) T P(ch);

(1) pairwise independent if, for every pair (A,,A,,) of events

with A, # A,,, there holds
P(A,, NAy) = P(Ay,) - P(Ay,).

If events A and B are independent then the family { A, B} is independent.
Moreover, the family {@), A, S} is independent for any event A such that
A#Qand A#S.

Proposition 2.1 For any family A= {A,} er of events:

(1) if A is pairwise independent then the family A" = {AS} er is
patrwise independent;

(#) if A is independent then the family A" = { AS },er is independent.

Proof: (i) It follows directly from Lemma 2.1.

j=m j=m _
(13) It is enough to show that if P( A'ij) =] P(A%j) for any subset {A,ij }g;T of arbitrary finite
Jj=1 k=j

k=n k=n
subset {A4,, }¥=" C A then P(’D1 A ) = kljl P(AS,)). The case of n = 1 is trivial. The case of n = 2
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follows from (7). We prove the case n = 3 only and leave the case of arbitrary n to the reader as an

exercise.

Let a family of events {A, B, C'} be independent. Then
P(A°NB°NC°) =P(AUBUC))=1—-P(AUBUC) =

1 — [P(A) + P(B) + P(C) — P(ANB) — P(BNC) — P(CNA) + P(ANBNC)] =
1— P(A) — P(B) — P(C) + P(A)P(B) + P(B)P(C) + P(C)P(A) — P(A)P(B)P(C) =
(1-P(A)(1-P(B))(1-P(C))=PA)PB)PC). N

Example 2.5 The collection of all events which are independent with a given event A need not to be
an algebra. To see this, take the unit square S = [0,1]® with the geometric probability and consider the

following events:

k—1 — 1

it S <
3

W/ =

}o(kj=1,2,3),

.

and let

A:=S15US» US30, B:=S13US12US11US Sy US 2 USsz3, C = S33US83 USis.
Notice that P(Sk;) = é forall k,j=1,2,3. Since

2 1
11

P(ANC) = P(Sg3) = = = = - = = P(A) - P(C),

9 3
the events B and C are both independent with A. However

LW = wl o

P(Am[BmC]):P(Amsgg)=P(@)=o;&2i7:%é:P(A).P(BmC),

which shows that BN C is not independent with A. O

Clearly, every independent family is pairwise independent. However, as
the following example shows, it could happened that a family of events is
pairwise independent but not independent.

Example 2.6 (S.N. Bernstein, 1927) There are four tickets in a box with numbers abc which are (112),
(121), (211), and (222). The probability of taking any ticket is 1/4. Let Ay = {abc| c = 1), Ay = {abc| b=
1), and As = {abc| a = 1). Then events A1, Aa, and As are pairwise independent. Indeed,

P(Ay) = P(Ag) = P(Ag) = 2/4 = 1/2,
P(Al ﬂAQ) = P(AQ ﬂAg) = P(Ag ﬂAl) = 1/4 = (1/2) . (1/2)

Howewver,
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The Definitions 2.1, 2.3 are both generalized by the following definition.

Definition 2.4 Let (S, A, P) be a probability space and let A; and
As be two o-algebras of A. A, is said to be independent with
As if, whenever Ay € Ay and Ay € Ay,

P(A1 N Ay) = P(A}) - P(Ay).

An arbitrary family of o-algebras (A,),c; of events of A is said to be
pairwise independent if any pair (A1, As) of events is independent,
whenever Ay € A, Ay € Ay, and iy # 1.

Likewise, a finite family of o-algebras (A;)icr is said to be indepen-

dent iff
V(Ai)ief = HZEI AZ - P (ﬂz‘e[ AZ) - el P (AZ) 7

and an arbitrary family of o-algebras 1s said to be independent iff
all its finite subfamailies are independent.

Example 2.7 The sequence of n Bernoulli trials (n-binomial trials) is a series of n independent random
experiments; each of them has two possible outcomes: ”success” (the success is usually denoted by 1) with
the probability p, and ”failure” (the failure is usually denoted by 0), with the probability ¢ = 1 — p, where
p = P(1) is the same every time the experiment is conducted.

Consider A, = {(a1,aq, ...,an)|ax = 1}, where (a1, as, ...,ay) is a sequence of n-Bernoulli trials. Clearly,
P(Ay) = p where we consider as a sample space the Cartesian product of n copies of elementary probability
spaces

({0,1},{0,{0}, {1},{0, 1}}, P({0}) = 1 —p, P({1}) = p).

Moreover, the sequence Ay, Ao, ..., Ay, is independent. For example, if k1, ko, and ks are distinct, then
P(Ak‘l mAkz mAks) :p3 = P(Ak1) ’ P(Ak2) ) P(Aks)'

Generalized Bernoulli trails corresponds to the following probability space

k
({0,1,2,..k}, P({0,1,2,..k}), P({k}) =pi, > pr=1).
=1

Clearly, the above sequence Ay, Ao, ..., A, is independent. [
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2.3 Conditional probability

Definition 2.5 Let (S, A, P) be a probability space, and A,B € A
be two events with P(B) > 0. The conditional probability of A
given B is defined by

P(ANB)

P(AIB) = —p 5

(1)

If A and B are independent with P(B) > 0, then P(A|B) = P(A).

The formula P(AN B) = P(A|B)- P(B) may be extended to more than
two events, for example

P(AsNAsNA;) = P(AsN(AyNAy)) = P(As|(AaNAy))- P(AyNAy) =
P(As|(AyN Ay)) - P(Ay|Ay) - P(Ay)
assuming P(A; N Ay) > 0. More generally:

Theorem 2.1 (Multiplication Theorem) Let Ay, A, ..., A, be
a sequence of events with P(M!~1Ag) > 0. Then

P(N{_ A) = P(A)P(As|Ay) - .- P(A,| NP1 Ay). W
The following theorem although trivial is very useful.

Theorem 2.2 (Theorem of Total Probability) Let By, B, ...
be a finite or countable sequence of disjoint events with all P(By) > 0
and U By = S. Then, for any event A,

Proof:

P(A) =P(ANS) = P(AN (U, By)) = P(UX, (AN By)) Z (ANBy)=> P(By)-P(A|By). W
k=1
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Formula

P(A) =S P(By) - P(A[By) 2)

is called Formula of Total Probability. As a consequence of this formula
we obtain so-called Bayes’s formula.

Theorem 2.3 (Bayes’s formula) Let By, B,, ... be a finite or
countable sequence of disjoint events with all P(By) > 0 and U2 | By, =
S. Then, for any event A with P(A) > 0, we have

P(By) - P(A|By)
PUBHA) = S~ "p(B) . P(AIB,)

Proof: Indeed, by (1) and (2), we obtain

_ P(ByNA) _ P(ANBy) _ P(By) P(A|IBy) _  P(Bg)  P(A|By)
P(Bil4) = P4 —  PA) P(A) TS P(By)- P(A|By) .

Example 2.8 From a box containing M white balls and N — M black balls, one ball of unknown color is
lost. Find the probability of taking a white one.

Solution: Consider two events By = {white ball is lost} and By = {black ball is lost}. Clearly, P(By) =
% and P(By) = W Denote also

A = {a ball which is taken from the box is white}.

By the formula of total probability,
MM-1 N-M M M

P(A) = P(B1)- P(A|B1) + P(B) - P(AIB2) = v v+~ N1~ N

The probability of taking a white ball from the box, before one ball was lost, is the same. [

2.4 Exercises

Exercise 2.1 Coefficients p and q of the quadratic equation x>+ px+q = 0 are taken randomly from the
interval [0,1]. Find the probability of the event R that the roots of the equation are real.

15



— /D2 —
Solution: Roots x12 = w are real iff p2 —4¢ >0 or ¢ < in.

The sample space
S={(p,g)0<p<1,0<qg<1}

with the uniform probability P(A) = area(A).

R={(p.9)la < 19" & (n.q) € 5}

1
P(R) = area(R /
0

Exercise 2.2 Let Ay, A, ..., A, be independent events with P(Ag) = 1/2 for all k = 1,2,...,n. Find
P(UpZ Ap).

%\@

Solution: By Proposition 2.1, the events Af, AS, ..., Af, are independent. Therefore,

k=n k=n n __
P A =1 P 49 =1 - P ﬂAC_l—HPAC_l——:22n1.D
k=1 k=1

Exercise 2.3 Three fair dice are rolled. Denote by Sy the score on k-th die. 1) Given A={S = 2}, and
B:{Sl + .55 < 5}.

a) Find the conditional probability P(A|B).

b) Are the events A and B independent?

2) Given C:{S1 = Sz}, D:{SQ = 53}, and G:{Sg = 51}.

a) Is the set of events {C, D} independent?

b) Is the set of events {C,D,G} independent?

Solution: 1)a)

P(B)ZP({Sl:1,52:I}U{SlZI,SQZQ}U{Sl:1,5223}U{Sl=1,52=4}U{51=2752=1}U

1 1
{sl:2,52:2}u{51:2,52:3}u{51=3,52=1}u{51:3,s2=2}u{51:4,52:1})2%:%
1
P(ANB) = P({S1 = 2,8 = 1} U{S; = 2,5 = 2} U{S) = 2,8 = 3}) = ?6:%:12
 P(ANB) 3
Pl = Z5 =

1)b) No. Since
P(ANB) = ;—6 # P(A)P(B) =
2)a) Yes. Since

6 1 11 6 6
(CND)=P(Si=5="5)= e =3:=56"6 "3 36 )P
2)b) No. Since
1 111
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Exercise 2.4 Three fair dice are rolled. Denote by Sk, the score on k-th die. Given A={S; = 2}, and
B:{Sl + S5+ 53 < 5}.

a) Find the conditional probability P(A|B).
b) Are the events A and B independent?
¢) Given C={S, = Sa}, D={S2 = S3}, and G={S3 = S1}. Is the set of events {C, D,G} independent?

Solution: a)

P(B) = P ((111), (112), (113), (121), (122), (131), (211), (221), (212), (311)) = 372'
P(AN B) = P((121), (122), (221)) = 6%
Hence P(ANB 5
P(A|B) = (P(B)) =10
X 1 3
P(A) = G # 0= P(A|B).
Hence A is not independent with B.
¢) Since P(C) = P(D) = P(G) = & = ¢ then
P(CADAG) = P(Si = Sy = Ss) = 6_2.6 _ % £ P(C)- P(D)- P(G) = 2716

Thus the set of events {C, D, G} is not independent. [J

Exercise 2.5 There are 10 white and 5 green balls in the box Hi. In the box Hy there are 8 white, 5
green, and 7 red balls. One of balls was transferred randomly from Hs into Hy. Then we took randomly
a ball from Hy. Find the probability P(G) of the event that we got green one.

Solution: Let G = {a green ball was transferred} and NG = {not a green ball was transferred}.

Then P(G) = P(G|Gr) - P(Gr) + P(GINGy) - P(NG) = & . & 4+ 2. 10 = 6 4 10 _ 11

Exercise 2.6 Let {A,B,C} be an independent family of events with P(A) = 1/2, P(B) = 1/3, and
P(C)=1/4. Find PLAUBUQCQC).

Solution: The set {A°, B¢, C*} is independent by Proposition 2.1. Then

P(AUBUC) = 1—-P(JAUBUC]) = 1—P(A°NB°NC°) = 1—P(A°)-P(B°)-P(C°) = 1—(1—1/2)-(1-1/3)-(1—1/4) = %

Exercise 2.7 There are 5 white and 10 black balls in the box Hyi. In the box Hsy, there are 8 white and 7
black balls. One of balls was transferred randomly from Hs into Hi. Then, we took randomly a ball from
Hy. Find the probability of the event that this ball is white.

17



Solution:

A = {the transferred ball is white}; B = {the transferred ball is black}; C' = {the taken ball is white}.

P(4) = %? P(B) = 1% P(C|A) = % = %; P(C|B) = %
P(C)=P(CNA)+P(CNB)=P(A)- P(C|A) + P(B) - P(C|B) = 3 6 7 5 _53

10 16 10 16  160°
Exercise 2.8 Initially, there are 8 red balls, 4 blue, and 2 white ones in a box. In a trail one of ball is
taken randomly out of box without returning back. Consider a series of three trails.

a) Find the probability of the event A that the ball in the first trail is red, it the second one is blue, and
i the last one is white.

b) Find probability of the event B that all three balls taken out form the box are of different colors.
¢) Find probability of the event C' that all three balls taken out form the box are of the same color.
d) Find the conditional probability of A given B.

Solution:

a) P(A)=P(RBW)=3-4.2=1

b) P(B) = P(RBW) + P(RW B) + P(BRW) + P(BWR) + P(WRB) + P(WBR) = 6 - 51 = 2.
c)

P(C) = P(RRR) + P(BBB) + P(WWW) ==.2.= +-.2.2 +2.2. 2 =4 = Z :

d) P(A|B) = B40B) _ FL) _ 121

A
P(B) PEB) 2/7 O

=

Exercise 2.9 Given two independent Uniform (0,2) distributed random variables X and Y. Calculate
the probability that XY < 1.

Solution: Let D be a subset of R%: D = {(z,y) e R0 < x <2 & 0 <y <2 & zy < 1}. This is region
bounded by the lines zy =1, =0, x =2, y =0, and y = 2.

1 1 1 1 [1 11 1 1 1 In2
P(XY <1)== dedy=~=-2-~+- [ =de==-+-(In2-In(27°H))==+--2In2=-+—"". 0O
(XY <1) 4//“’ 4 2+4/xx g (02-27)) = g7 2l2= 74
D 1/2

Exercise 2.10 Pit and Bob agree to meet at a certain place some time between 23 and 24 o’clock. Pit
will stay 20 min. Bob will stay 10 min. Assuming that the arrival times are independent and uniformly
distributed, find the probability that they will meet.

Solution:

1/{/2\? /5\? 4 25 72-16-25 31
P(Bob meets Pit) = dody=1—=[(2 S T O e s B o
(Bob meets Pit) //xy 2((3>+(6)> 8 7 > >

D
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Exercise 2.11 Pit and Bull take turns throwing a biased (=unfair) coin that produces a head with prob-
ability «. Pit is starting first, and he will win the game, if Pit gets a head. Bull will win, if Bull gets a
tail.

a) Find the probability P(P° N B¢) = P(TH,TH,...,TH,...) that none will win. Justify you answer.

b) Find the value(s) of a for which the game is fair: that is P(P) = P(B), where P(P) is the probability
that Pit wins the game and P(B) is the probability that Bull wins.
Solution: a)

0< P(P°NB°) < P(TH,TH,...,TH) =[(1-a)a]* -0 = P(P°N B°) = 0.

/)

b) By a),
P(P) = P(B) = P(P) = P(B) =

DN |

Note that P = |J°°, Py, where Py = H, P, = THH, ..., P, = (TH)"H.

[e.e]

P(P):ZP(Pn):P(H)ZP((TH) ):a-Z(a(l—a)) :a‘mzi
n=0 n=0 n=0
3+xv9—-4 3 5
:>2a:1—a(1—a):>a2—3a+1:0:>a:2:2:|:\2[.
Since 0 < a < 1 then
04:3_2\/5. ]
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3 Random variables

In what follows, we denote a probability space by (5,4, P).

3.1 Definition of a random variable

Definition 3.1 A function f : S — R s called a random variable
on S, if f71((—o0,a]) € A for every a € R.
Two random variables f and g on S are said to be equal almost

surely (f = g(a.s.)) of P({f =g}) = 1.

By convention, random wvariables are represented with capital roman
letters, and the event like {s € S : X(s) € B}, where B is a Borel
subset of R and X is an RV, with the simplified notations {X € B}.
In the case when B = {b}, B = {r : r < b}, ..., we write {X = b},
{X < b}, ete.

Remind that the Borel algebra B(R) of subsets of the real line is
defined as the o-algebra generated by all intervals in R. Clearly, it is

enough to consider only intervals (—oo, a] with a € Q. Given a random
variable X. Notice that X 1(B) € A for any B € B(R).

Among random variables on S, the simplest are indicator functions
of events (it can be shown that the indicator function T4(s) of a subset
A of the sample space S is a random variable iff A is an event).

Notice that not every function f : .S — R is a random variable. For ezample,
consider S = Z, and the algebra of events A consisting of those subsets A of 7. for which a € A iff a* € A.
It is left to the reader to check that, for the identity function f(t) =t, f~1((—o0,a]) & A for every a € R.
O

[t can be shown that the collection of all random variables on (S, A, P)
is a vector space w.r. to usual operations on real-valued functions. A
composition f o X : § — R of any random variable X with a Borel
measurable function f : R — R is a random variable.
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Sometimes, the term random vector is used for a function F': S — R",
all whose components are random variables.

Definition 3.2 An RV X is discrete if there is at most countable
set B C R such that P(X € B) = 1. An RV X 1is continuous if
P(X =7r)=0 for every r € R. An RV X which is neither discrete
nor continuous is said to be mixed.

The probability function of an RV X is a function pfx : R — [0, 1]
such that pfx(r) = P(X = r) for all r € R. RV X is continuous iff

Y pfx(r) =0, and X is discrete iff Y pfx(r) = 1.

reR reR

Here we include several examples of discrete RVs.

X is discrete uniform if there is a finite set of reals {ri,...,mn} such that pfx(ry) = % for all k,
1<k <n.

X is p-Bernoulli, where 0 < p <1, if pfx (1) =p and pfx(0) =1 — p.
X is np-Binomial, where 0 <p <1 andn € N, if

prx(®) = () -prt = ke 0<ksw)

X is \-Poisson, where A > 0, if pfx (k) = /\szx for every integer k > 0. [

3.2 Distribution function of a random variable

Definition 3.3 Let X : S — R be a random variable on S. Let
Fx(r)=P(X <r), reR.

Then Fx is called the distribution function (DF) of X. The
probability measure Py on the Borel algebra B(R), given by

Px(B)=P(X € B), B e B(R),
is called the probability distribution (PD) of X.
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One may also define the joint distribution function and the joint probability distribution (JPD) of a
random vector by similar formulas. We shall turn to this later. Notice that, in some books the distribution
function might be defined by the slightly different formula Fx(r) = P({s: X(s) <r}). Obviously,

Fx(r) = P(or < =X < 400) =1 = P(-o0 < =X < =) =1 = F_x ()

and Fx(r)=1—F_x(—r). O
Any distribution function is non-decreasing and continuous from the
right, that is, for any a € R,

Fx(a) = Fx(a™) = 05}{1_1}@ Fx(a+ h)

Notice also that Fx is continuous from the left.

Example 3.1
0, r < 0;
F,(r)=1{ 1-p, 0<r<l; (p=P(4)
1, 1<

Clearly, the distribution function of 14 depends only on P(A), but not on A. PD of 14 is given by the
formula Py, ((—oo,r]) = F,(r), hence

0, {0,1} N B = §;
P,B)={ 1-p, 0e€B,1¢B; BeBR) O
1, {0,1} C B.

For any random variable X, the distribution function Fx of X is given
by the formula

Fe(w) = [ " dFy = / " px(t)dt,

—00 —00

AFx(t) . Pt< X <t+ At
—————= = lim

At—0 At At—0 At
is the density of the probability distribution or the distribution density.

The density “function” of the distribution of the indicator function of A
with p = P(A) is given by using the Dirac “function” §, which is

formally defined by:
_J 0, 0¢gA,
/A(S(t)dt_ { 1, 0e€A

22



Namely, pr,(t) = (1 —p)d(t) + pd(t — 1). Indeed, this “function” is the
generalized derivative of Pp,(A).

More generally, given a discrete RV X which takes values t; <ty < ... <
t, with probabilities P({t;}) = px, p1 + p2 + ... + pp = 1, then density
of the distribution function of X is

p(t) = p1o(t — t1) + pad(t —t2) + ... + ppo(t — tg).

By using the Heaviside function

0, t<O0;
H(t):{l t>0

we may write the distribution function of X as follows

Fx<t> = Zn:piH@ — ti).

Notice that the generalized derivative of H(t) is the “function” 9.

Example 3.2 Find a € R such that the function

0, t <0;
0, t>1

1s the distribution density of some random variable X. Find its distribution function and the probability
lex 4
of {—3 < X <}

Solution. Using f_Jr;O p(t)dt =1, obtain a = Thus,

[l

Since Fx(t) is continuous,

(SRR ORI RO

Example 3.3 Given the distribution function

0, 1 <2
Fx(t)=1¢ (t-2)?2,  2<t<3;
1, t>3



of a random variable X. Find the probability of {g <X < %} Find the distribution density of X.

Solution. Since Fx(t) is continuous,

5 7 7 2 5 .\* 3
Pi-<X<=-?=F|=z]|—-Fxlz])=1-|=—-2] =-.
Using p(t) = F%(t), obtain

0,
pt) =< 2(t—2), 2<t<3, O
0, t>3.

Example 3.4 Given a sequence of n Bernoulli trials with the probability of success p (it is denoted by
(n,p)). There are two typical problems related to (n,p). The first one is to find the probability P(m) that
the success in (n,p) appears m times. The second one is to find the most probable number k of successes
in (n,p). The first problem being solved by using the classical Bernoulli formula

n!
_ m.m o n—m m
Pp(m) =Cy'p™ (1 —p)"™™, Cp' = i —m)l’ (3)
For instance, the probability of {> m} successes in (n,p) is

n

Pu({z=m}) = 3 Cipi(1l - p)" .

i=m
To solve the second problem, we begin with the following two inequalities:
P, (k—1) < Py(k), Po(k+1) < P,(k).

k—1
Cgk < lp%p or just k < (n+ 1)p. From the second one,

From the first inequality, by using (3), one gets

we obtain ngl < % or (n+1)p<k+1. Thus

E<(n+1)p<k+1 (4)

It follows from (4) that if (n+ 1)p € N, then there is only one solution k. If (n+ 1)p € N, then there are
two most probable numbers, k = (n+ 1)p and k = (n+ 1)p — 1. The situation becomes more clear when
we consider the graph of the following “density”

0, t < 0
p(t) =< Pu(i), 1<t<e1+4+1; O
0, t > n.

3.3 Distribution function of a random vector

Definition 3.4 Given a system X = (X1, Xs,...X,) of random
variables on S. Sometimes we shall call X a random vector on S.
The probability measure Py on the Borel algebra B(R"), given by

Pg(A) = P(X7'(A)), A€ BR"),
15 called the probability distribution of X.
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The probability function of an RV X = (X1,...,X,) is a function
pfe : R" = [0,1], such that,, for all 7= (r1,...,7,) € R",

The probability density of a continuous RV X is a function pg
R" — R, such that, for all ¥ = (ry,...,7r,) € R" and for all Ar =
(ATl,...,ATH) e R",

B . r1+Ary rn+Ary
P(X e |r,r+ Ar]) = / / p(r)dry ... dry,.

1

The distribution function of an RV X = (X, ..., X,) is a function
Fg :R" — [0, 1] such that

FX(F):P(XléTl &&Xngrn)

If a random vector X is discrete (that is: all X}, are discrete for 1 <
k < n) then

Fe(F)= > pfglt),

{tkgrk, 1§k§n}
where 7= (r1,...,r,) and £ = (t1,...,t,).

If a random vector X is continuous (that is: all Xy are continuous for
1 <k <n) then

T1 ™
FX'(F):/ / p)z(t )dtl...dtn.

3.4 Independent families of random variables

Definition 3.5 A collection {X;}ic; of random variables on the same
probability space is called independent if the collection of events
{X. Y (—o00,7)}ier is independent for arbitrary r; € R.
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[t follows immediately that, for an independent collection { X };c; of RVs,
any collection {B;};e; of Borel subsets of R, and any distinct indices
11,19, ...%: in I, we have

P<X11 < Bil’ .. sz € sz) = P(le € le) S P(sz < sz)

From this remark we obtain

Proposition 3.1 For any independent collection {X;}ier of random
vartables on the same probability space and for Borel measurable func-
tions { fi}ier, the collection { f; o X;}ier of random variables is inde-
pendent.

Proof: For any distinct iy,42,...9; in I and any 71,72,...7% in R, we have (for Borel sets B;, =
fizl(—OO,Tj))I

J=k j=k j=k j=k
PN o0 ) = P X010 o)) = TLPOG 0 oeur)
j=1

J=1 J=1 J=1

Proposition 3.2 Given a random vector X = (X1, Xo,...X,) (on
the same probability space, of course). Then X is independent iff

Fe(x1,m0,...2n) = Fx (21) - Fix,(x2) - ... - Fx, (2n).

Proof: Consider the case n = 2 only (the general case is left to the reader as an exercise).

Sufficiency:

Fx(x1,22) = P(X1 <21, Xo < 29) = P{X1 < 21 Jn{ X3 < a2}) = P(Xy < 21)-P(Xp < w2) = Fx, (21)-Fx, (x2).
(5)

Necessity: By (5), the necessity follows from Definition 3.5. W

Definition 3.6 If a random vector X = (X1, Xo, ..., X,) has the
DF Fy which is n times continuously differentiable in some domain

D C R", then the restriction of distribution density of)z on D 1s
_ 0@
011015 ... 01,

pz(7) (@)  (@eD)

26
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Indeed, we may define DD of an RV X without any assumption of differentiability of DF Fx by using

generalized derivatives as in the one-dimensional case.

One of the main reasons for introducing DD is the following formula:

P(X € D) = /D pe()dz (D € BR")).

Proposition 3.3 For any independent RV X = (X1,..., X)),

N = n

p¢(T) = px(21) - ... - px,(T0). (¥ €R")
Proof:

pi(f)dif = FX'(F) = FXl(Tl) et FXn(Tn) =
{zp<ryg: k=1,2,..n}
/ px, (z1)dzy - ... / px, (Tn)dr, = / px,(z1) - ... px, (zn)dT.
- - {zp<rg: k=1,2,..n}

Therefore, p¢(7) = px, (z1) - - .. - px,, (Tn)- N

3.5 Convolution theorem

Theorem 3.1 (Convolution theorem) Let X and Y be indepen-
dent RVs with distribution densities px and py. Then X +Y has a
distribution density given by

pxay(r) = / px(@)py(r — z)dz = / py(@)px(r — y)dy.  (6)

Proof: Since

t

Fy iy (t) = / pxiv(r)dr= P(X +Y <1) = / / Py () drdy = / / px (@)py () de dy =

oo z+y<t T+y<t
?pxm[t/_mmy) ) i = 7px<m>[ / el =) dr| o = / [7]?)((33)291/(7"—1‘) iz ar,

[e.9]
then pxyy(r) = [ px(z)py(r — z) dz. The second equality in (6) is due to symmetry. B

—00
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Example 3.5 Let X and Y be independent and identically distributed RVs (iid RVs) with px(t) =
py(t) = %H(O,Z) (t) Then

e} o

pxar(s) = [ pxs=opy@)do = § [ (5= 2)olly (@)l (@) do =

—0o0 — 00

0, s ¢ [0,4];
2 s
1 1 dz, 0<s<2; =
4/8—9035]1525 dx:i Ofs(s z)zdr <s
0 f (s — z)xdr, 2 < s<4.
5—2
1 53 2 s s(s—2)2 (s—2)3
4<]I[02 /s z)z dr+1l 4 (s /s a:xda:>_}1[02)() +1pp.41(s) §+§_ ( 5 )+( 12) 0
0 5—2

3.6 Conditional DF and Bayes’ Rule

Let us consider shortly a system of two RVs on the same sample space
S, say (X, Y).

Definition 3.7 The marginal probability density of (X,Y) are
defined as follows

+00

“+00
py(z) = / pixvy(x,y)dy, py(y) = / pixyy (e, y)de

0,9) 0,9)

The marginal PD p%(z) is the usual probability density px(x) of X, if
Y is not considered.

Definition 3.8 Assume that px(xz) > 0. Then the conditional dis-
tribution of Y given X = x s defined by
I pix vy, t)dt
px ()
and the conditional probability density of Y given X = x s
P(xy) (5177 y)
ylr) = :
(ylz) (@)

The last formula can be considered as a version of Bayes’s theorem for densities.

Fy(ylz) =

28



Notice that if the system (X,Y") is independent, then

Pxy)(@,Y) _ px(z) - py(y) = py(y).
px(x) px(z)
One of most typical cases of Bayes rule occurs when X is a continuous
RV and Y is a discrete RV. Then:
pxp (zy) - py(y)
px ()
where the conditional probability mass function of Y given X

py(ylr) =

)

pyix(ylz) =

1S
pyix(ylz) = lim P(Y =y|X € [z, x + Axz]).
Ax—0

In this case: .

PIY <alY =y) = [ pxy(aly)ds

—0o0

Indeed, applying Bayes rule to the events Y =y and o < X < x + Ax
Prx< X <z+Ax)|lY =y)P(Y =y

lim P(Y =ylr < X <az+Az)= lim

Az—0 Az—0 Plx < X <z+ Ax)
r+Ax
sly)ds | - P(Y =
- (f:r; pyix(sly) ) ( y) . Axpyx(z|y)py (y) —_—
Ar—0 f;H'Ax py(S)dS Ax—0 Ail,‘py(y) |

Then P(X <alY =y) = [ pxy(z|y)de. W

3.7 Exercises

al4lt| —t2) if |t <2,
0 if |t]>2.
a) Find « for which p(t) = px(t) is the distribution density of a random variable X .

b) For the value of av which is found in a) and for the correspondent RV X :
(i) Find the distribution function Fx(r) forr > 0.
(ii) Find the probability of event —1 < X < 1.

¢) Find the values of Fx2(1) and Fxs(1).

Exercise 3.1 Given the following function p(t) = {
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Solution: a)

00 2 2
1 8 2 32
/p(t)dt /a(4|t| —t?)d 2a/ (4t — t?)dt = 20 (2752 31:3) 3 =2a <8 — 3> = 1605 =Fa=1.
— 0 -2 0

So we have a = 3/32.
b)(i)

1 3 1 3 1 1 3 3 1.3 1
Fx(r) = dt = —+ | —(4t—t2)dt = —+— |22 — 83| [p = =+ |22 — — | = — 4+ —r?P— 7.
xl) = [ ptat =g+ [ - =g | p=ii2 o SRR

1 1
3 6 1 3 1 5
P(-1<X<1)= Ddt=2 | —(4t—tDdt=— 22— =|ll==(2-=)=—=.
(Fl=X<1) /p() /32( ) 32{ 3 o 16 3" 16
—1 0

) Fx2(1) = P(X?<1)=P(-1 < X <1) =, by bl(ii).
Fys(1) = P(X® < 1) = P(X < 1) = [see b(i)] = § + f5 — g5 = 45~ = 55. O

Exercise 3.2 Random variables X and Y are independent and (1)-exponentially distributed.
a) Calculate the probability that 1 <Y < X < 2.
b) Calculate the probability density of X +Y .

Solution: a) Let D be a subset of R?: D = {(z,y) € R?*|1 <y <z < 2}. This is the triangle bounded
by the lines y =z, x =1, and = = 2.

2 T

Pl<Y <X<2)= //p<X,y>(:c,y)dxdy = [X and Y are indep.] = //px(x)py(y)dxdy = /e_x /e_ydy d:
D D

1 1
2 2 2 o 11 2 1 1 1
—x —x _ —x —2x _ -2 —23? _ —2x _
/e (e—e )d:v—e/e dx/ dzx = e( +2/ = lfg+§e T — o5
1 1 1 1
b)
px+y(s) = / px (s —t)py(t)dt = / e~ (571 ]I[O,oo)(s —t)- et Ij0,00) (t)dt = /6_5 . H[O,oo)(s —t)dt =
—00 —00 0
o0 0 if s<0;
/e oo (E)dt = Jesdt =se™® if s>0. =
0 0
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Exercise 3.3 Let X and Y be independent (1)-exponentially distributed random variables, i.e.

Fx(t) = Fy(t) —{ (1)_64 §§ i;g

Find the probability of 0 <Y < X < 1.

Solution: Let D = {(x,y) € R?|0 <y < 2 < 1}. This is the triangle bounded by the lines =y, © = 1,
and y = 0.

PO<Y<X<I1)= //P(X’y> (x,y)dzdy = [X and Y are independent] = //Px(a;)Py(y)dxdy =
D D

T 1

1

1 1 1 1 1 1
/ex /eydy dx = /ex(l—em)dx = —e*x\(l)—(—ie*%)hl) = —671+1+§672—§ =572 52 O
0 0 0

Exercise 3.4 Random variables X and Y are independent and (1)-exponentially distributed (that
is px (t) = py (t) =Ir, (t)e™"). Calculate the probability that X >Y > 2.

YA y =
Solution. Let D be a subset of R?:
D= {(z,y) € Rz >y >2}. , /
This is the open angle bounded by the
lines y =z and y = 2. .
0 2 X

because of the independence

PX>Y>2)= //p<x,y> (z,y)dzdy =
D

//pX(a:)py(y)dxdy = /e_z /e_ydy dx = /6_1(6_2 —e Ndx =
D 2 2 2
-2 —x o —2z — 4 - 4 _ ~ 4
e /e dx /e dr =e %€ ¢ - O
2 2

Exercise 3.5 Two friends agree to meet at a certain place some time between 11 and 12 o’clock. They
agree that the one arriving first will wait h hours, 0 < h < 1, for other to arrive. Assuming that the
arrival times are independent and uniformly distributed, find the probability that they will meet.

Solution. Y, y=2z+h

12 Yy==x
Denote by X the arrival time of the first
friend and by Y of the second one. y=z—h
Denote by D the strip |z — y| < h.
Then 11 12 X
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- < = = =
P(‘X Y| - h) / /p<X’Y> (:L" y)dacdy because of the independence / /pX (l‘)py (y)dxdy
D D

// 1, 12 11 12}( )dxdy - // d!l?dy the shad?wed area 1- (1 N h)2 =2h - h2. H

DA[11,12]2

Exercise 3.6 A man and a woman agree to meet at a cafe some time between 18 and 14 o’clock. A
man will stay 30 min. A woman will stay 20 min. Assuming that the arrival times are independent and
uniformly distributed, find the probability that they will meet.

0% w—m=3
Solution: 14 w=m
1
Denote by D the strip £ > w—m > —1. w—m=—3
Then
13 14 M

P(D) - //p<M’W> (m’ w)dmdw because of the:mdependence //pM m pw(w)dmdw -
D

/ / ]1[13,14}(7”)'H[13,14](w)dmdw— / / dmdw - adowed area
D

N[13,14]x[13,14]
1 /1\%2 1 /2\? 72-9—
Ly L (2 _72-9-16 47T
2 \2 2 \3 72 72

Exercise 3.7 Given two independent (0, 7)-uniform RVs X andY . Calculate the probability P(0 <Y <
X <4).

Solution: vt
7

Let D={0<Y < X < 4}.

PO<Y <X <4)= %
-%-42: Lo

11
2 2 49 0 4 7 X

Exercise 3.8 Let X andY be independent (1)-exponentially distributed random variables Find Fx 1y (3)
[hint: use the convolution theorem)|.
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Solution: Remark that Fx (t) = Fy(t) = (1 —e™") - Tjg o) ().

Px(t) = L Fx(t) = { O—t if t<0 and Py (t) = Px(t). Then, by Theorem 3.1,

e if t>0
px+y(s) = / px (s —t)py (t)dt = / ™ o) (s = 1) - € Mg ) (1)t =
s s 0 if s<0 s
/e ]1[0700)(5 —t)dt = /e H(_mvs](t)dt = { se=* if s3>0 = se H[O,oo)(s)'
0 0

Fxiy(r)= / px+y(s)ds = /se_sds = s(—e %) 6—/(—e_s)ds =-—re "—e ’|p=—re"—e "+l =1—-(r+1)e".

Exercise 3.9 Random variables X and Y are independent and Exponential (3) distributed with EX =
EY =2.

a) Find the value of 3.

b) Calculate the probability density pxyy (t) of X +Y.

Solution: a)

2=FEX = /t : ; L e e L [ /(—e—t/ﬁ)dt = /e—t/ﬁdt =Bt =p.
0 0 0

b) By using of the convolution theorem,

px+y(s) = / px(s = 1) py(t)  Tooe) (s — £) Lo o) (£)dlt = / ;e%sfﬂ/z;at/zdt:i / /2t =
—00 0 0

1
1~s'e*s/2 for s > 0; and px4y(s) =0 for s < 0. O

Exercise 3.10 Given two independent random variables X and Y with densities
px(t) = py(t) = 3t%. H[O,l] (t)

a) Find the distribution function F_x(t) of the random variable —X .

b) Find the density pxiy (t) of the random variable X +Y .

Solution:
a)
—t —t
F xt)=P(-X<t)=P(X>-t)=1-P(X < ~t) = —/ 35%Ijg,1)(s)ds = 1—/ 3s2ds = 1+t> for t € [—1,0];
—00 0



and
F_x(t)y=1fort>0

F_x(t)=0fort < —1.

b)
px+v(a) = /PX(a—t)pY(t)dtZ /9<a_t)2t2']1{0<a—t<1}(t)']I{0<t<1}(t)dt:9/(a4_2at3+a2t2)']I{a—l<t<a}(t)'H{0<t‘

So, for 0 < a < 1, we have

5 2at* a2t3>“ 3 5

a
pxiy(a) = 9/(a4 —2at? 4 a*t?)dt =9 (| — — = + ——
5 4 3
0

And, for 1 < a <2, we have

1
5 2att o239\ ! 1 2 2 —15 2a(a—1)* a2
PX+Y(a)=9/(a4—2at3+a2t2)dt:9(—Z+a3> :9<—a a>—9<(a ! _2a(a-l) + 4
1
—1

5 4+3

5

a

For a ¢ [0,2], we have px4y(a) =0. O
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4 Mathematical expectation and variance

4.1 The expectation

Definition 4.1 Given a random variable X on (S, A, P), then the
expected value (mathematical expectation, average value,
or mean) of X, denoted by E(X) = EX, is defined as the Lebesgue

integral
EX = /SXdP— /SX(w)P(dw), (7)

provided that the integral s well defined. That is, at least one of
two values fS X, dP and fS X_dP 1s finmite. If X has a distribution

density p(t), then
+00
EX :/ sp(s)ds. (8)

Notice that in most cases which are considered in this course, the defini-
tion of the expectation by formula (8) is applicable (although, the distri-
bution density px(t) may involve the Dirac “function”). The proof of the
following proposition is based on the Lebesgue integration and therefore
1s omitted. [Try to understand the formula (8) for g =1(_., ), where r € R. The rest of the proof

1s based on an appmximation.]

Proposition 4.1 (The change of variables) Let X be a random
variable on (S, A, P). For any Borel measurable g(t) : R — R,

/]goX\dP / g (t)\PX(dt)—/+OO\S\PgoX(dS).

o

In particular, if [4|go X|dP < oo, then

E(go X) = /+OO g(t)Px(dt) = /+OO sPy.x(ds) .

0,9) 0,9)

When g is non-negative, then E(go X) = f:;o g(t)Px(dt) even if
E(goX)=00. B
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If EX =0, then X is said to be central random variable. In what fol-
lows, CRV stands for a central RV . Now we study some basic properties
of the mathematical expectation.

(a) F(a) =a and F(aX) = aFX for any RV X and any o € R. It
follows immediately from the definition.

(b)) E(X — EX) = 0. Indeed, denote by m = EX and apply (8) (by
using of (7), it is obvious):

E(X —m) :/_ Oo(s—m)p(s)dSZm—m:O.

o

(¢) Given two RVs X and Y on (S, A4, P), then
E(X+Y)=EX+FEY, (9)

assuming that both £X and EY exist and the sum FX + EY is well
defined. In particular, X < Y implies FX < EY. Formula (9) is
obvious as we use the definition of the expected value by the Lebesgue
integral. Using of (8) is more complicated here and is omitted.

(d) Given two independent RVs X and Y on (S, A, P), then E(XY) =
EX - EY (assuming that both EX and EY exist and the product FX -
EY is well defined). |Remind that a collection {Xi}ici of RVs on the same probability space
is called independent if the collection of the following sets {X; " (—o0,r:)}ics is independent for arbitrary
r e k] The proof is obvious in the case if all X; are indicator functions of
events (of course, E(I4) = P(A)). For proving (d) in the general case,
some approximation and the theory of Lebesgue integral is needed, and
hence the proof in the general case is omitted. Notice that the equality
E(XY)= FEX - EY does not guaranties that X and Y are independent
(see the proof of Proposition 4.10).
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4.2 Conditional expectation

Definition 4.2 Let X be a RV and P(A) > 0 then the conditional
expectation of X given A is

B(X|A) = %

2 .
Example 4.1 Let DIX,Y) (x,y) = fi 'H{0<x<y<l}(x7y)' Find E(Y‘%)

—T

1 3$2

. 1—z

px(z) = /RP(X,w(xa y)drdy = o q)(z) - / dy = 32* - T(g.1)(x),
Yy

12
p(y’x) — p<X7Y> (.%', y) _ 13—73; : ]I{0<$<y<1}(x7 y) (:1:7 y) _ ]I{x<y<1}(:[;’ y)
px(z) 322 - Tjp,1y(2) l1—x

! Y 1— a2 1+
dy = = .
2(1 - =) 2

B(Y|X) = /R yplyle)dy = /

S

Thus, E(Y|}) =22 —5/8. O

4.3 The moments and the variance

Definition 4.3 Given an RV X andn € N. Then the n'th moment
of X is defined by
lun(X) = HUn = EXna

provided that EX™ is well defined. The variance of X is defined by
VarX = E(X — EX)*= EX* - EX - EX,
provided EX? < oo.

Proposition 4.2 If EX" if finite then EX* is also finite for all
0<k<n.

Proof: To see this, notice that
X(s)F <1+ [X(s)[" (Vs €S),

and hence E|X|F <1+ E|X|". &
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Notice that the first moment of X is £X. Sometimes the term central
n'™ moment of an RV X is used for E(X — EX)". Clearly the variance
of X is nothing else than the central second moment of X. Sometimes,
the so-called standard deviation oy = ++/VarX is more useful than
VarX.

Let us study some elementary properties of the variance.

(a) Var(a) = 0 and Var(aX) = a*VarX for any RV X and for any o €
R. In particular, Var(—X) = VarX. Property (a) follows immediately
from properties of the expected value.

(b) If X and Y are two independent RVs, then
Var(X £Y) = VarX + Vary,
Provided that VarX and VarY exist.

Proof: In view of the fact that X and Y are independent iff X and —Y are independent, and the fact
that Var(—Y) = VarY, it is enough to prove Var(X +Y) = VarX + VarY. By properties (b) and (c) of
the expectation, obtain
Var(X +Y)=B(X+Y —EX +Y))? =EB(X?+2XY +Y? - 2(X +Y)E(X +Y) + (E(X +Y))?) =
EX?4+2B(XY)+ EY? 2E(X+Y)E(X +Y)+ E(X +Y)E(X+Y) =
EX?4+2E(XY)+EY?~E(X+Y)-E(X+Y) = EX>+2EX-EY +EY?—(EX)>-2EX-EY — (EY)? =
{EX? - (EX)*} +{EY? — (EY)?} = VarX + VarY. W

Notice that the equality Var(X 4+ Y) = VarX + VarY does not imply
the independence of X and Y (see the proof of Proposition 4.10).

(¢) If X and Y are two independent RVs, then
VarXY = VarX - VarY + VarX - (BEY)* 4+ VarY - (EX)?.

In particular, for any two independent CRV X and Y we have VarXY =
VarX - VarY'.

Proof: As X and Y are independent, then X2 and Y? are independent by Proposition 3.1. Thus
VarXY = E(XY — E(XY))? = E(X?Y? - 2XYE(XY) + E(XY)E(XY)) =
EX?.EY? -2EX-EY -EX-EY +EX-EY -EX -EY = EX? - EY? - (EX)?- (EY)* =
(VarX + (EX)?) - (VarY + (EY)?) — (EX)?- (EY)? = VarX - VarY + VarX - (EY)? + VarY - (EY)%. W

38



Definition 4.4 The moment generating function (MGF) of an
RV X 1s defined by

Mx(t) = E(exp(tX)), te€R.

Notice that Mx(t) is well defined, since exp(tX) is non-negative. Cer-
tainly, an MGF could be infinity for some ¢. Proposition 4.1 allows some-
times to compute moments without computing distributions of X*. We
shall consider this later. Now we state connections between the MGFE' and
moments. Unfortunately, complete proofs of the following two proposi-
tions are based on Lebesgue integration, and we omit them.

Proposition 4.3 Let X > 0 be an RV and let t > 0. Then

0

MX(t) _ Z tn,un

n!’
n=0

where u, = EX". R

The proof is actually nothing but the possibility of term by term inte-
gration (in sense of the Lebesgue integral) of the formula exp(tX) =

Yo S
Proposition 4.4 Let X be an RV with Mx(t) < oo for |t| < e.
Then E(|X|") < oo for all n € N. Moreover, Mx(t) =Y " tnn‘f“ for

n=0
t| < e and Mx(t) has all derivatives for |t| < e, namely:
0

MGy =3 Tk pepex) - X5, [ <e (10)

n!

n=0

In particular, M)(f)(()) =EXF=p. W

It is important to notice that Wﬂﬁ < exp([tX]) < exp(tX)+exp(—tX).
Integrating this formula for some 0 < |[ty] < &, one gets E|X|" <
B [Mx(t) + My(—t)] < oo. The formula My (t) = S0 Lhe for |t < e
to

n=0 n!

requires more knowledge of the Lebesgue integration. After getting the
formula, differentiating and obtaining (10) becomes an easy exercise.]
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Proposition 4.5 Let Mx(t) = My(t) < oo for |t| < e # 0. Then
FX(t) = Fy(t).

Proof: To be included later. W

Example 4.2 Let (X,Y) be independent with px(t) = py (t) = M (1) Find PY(X+1)<1).

(i4) Find Mx(t).
(ii1) Find Mx4y (t).

(i): PY(X+1)<1)=P(Y < (X +1) / /(”1) dydz _

1 (% dx 1 =2 log3—logl log3
4/0 z+1 4 {Og(“ )} 1 4

=0

1 2 1 2 1 x=2 2% 1
(i) : Mx(t) = / edx = / telder = — |e'® — )
0 2 Jy 2 2

=0

[\)

(6215 _ 1)2

o O

(’LZZ) . MXJrY( ) _[(X)Y) is independent] _ MX( )My(t) _

4.4 Several Inequalities and the Covariance

Proposition 4.6 (Jensen’s Inequality) Let P(X € (a,b)) =1, 6 : R — R be convex on (a,b), and
E|X|+ E|0(X)| < co. Then

0(EX) < EO(X). (11)
Proof: Notice that both
0. () = tim 2 =00 g () iy 15100
slt s—1t st s—t

exist and are finite whenever a < ¢t < b. Moreover, ¢'(t) = lim exists except on the at most

s—t
countable set of discontinuity points of /. and ¢”_. Furthermore,

0(t) — 0(c) > max[0, (c)(t — c),0'_ (c)(t— )] (t,c€ (a,b)). (12)

Applying (12) for t = X (w) and ¢ = EX, obtain that P(Y > 0) = 1, where the RV Y is defined by

0(s)—6(t)
s—t

Y(w) :=0(X(w)) —0(c) — 0 (c)(X(w) —¢c) (weS).

Since [[X(w) — c]dP = 0, then
S

BO(X) - 0(EX) = / 0(X (w)) — 0(c)]dP = / B(X (@) —8(c) — b, (¢)(X (w) — )] dP — / Y(w)dP > 0. m
S
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Corollary 4.1 For any RV X, it holds that
a) (EX)*™ < EX?" forn € N.

b) eFX < Mx(1).

If X > 0 then

¢) (EX)~@tD < B(X21) for n € N,

d E(lnX)<lEX.

Proof: a) There is nothing to prove when EX?" = co. If EX?" < oo, then by Proposition 4.2, F|X| < oc.
Now apply Proposition 4.6 to convex function (t) = ¢2".

b) WIOG, suppose that Mx (1) < co. Then also EMx(0) < co. Now apply Proposition 4.6 to convex
function 0(t) = exp(t).

Proof of ¢) and d) are similar. W

Proposition 4.7 (Markov’s inequality) Let X > 0 be an RV,

then X
PX>r) < — (13)

-
for each r > 0.

Proof:

o0

r-P(X>r)=r- /Oopx(t)dt < /ootPX(dt) < / tPx(dt)=EX. B

—0o0

Corollary 4.2 (Chebyshev’s inequality) If VarY < oo, then,

for every r > 0,
VarY

r2

P(Y —EY|>71) < .
Proof: Applying Proposition 4.7 to the RV X = (Y — EY)? > 0, one gets

EX Y
P(Y — BY| > r) = P(X > 52) < 222 _ Yarb'

- 2 r2

For the proof of the following proposition, we refer the reader to any
advanced textbook in analysis.
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Proposition 4.8 (Cauchy-Schwarz Inequality) If EX? < oo and
EY? < 0o, then

(EXY) < EX*.-EY*.
If( EXY)?=EX?.EY?, then Y = aX almost surely for some o € R.
H

Definition 4.5 The covariance of the RVs X and Y 1is
Cov(X,Y)=FE[(X - EX)Y —-FEY)=EXY - EXEY.

In particular, VarX = Cov(X, X).

If VarX - VarY =0, then the number

(X.Y) = Cov(X,Y)
P B vV VarX - VarY

15 called the correlation coefficient of X and Y.

Notice that the property VarX = Cov(X, X) has the following immediate
extension

n n n 2
VachviXi = E(Z&ZXZ — ZCEZEXZ> =
1=1 1=1 1=1

i=1 i=1 j=1

zn: OAZ‘OZJ‘E[(XZ' — EXZ)(X] — EX])] = zn: Q/@‘OéjCOV(Xj, X]) .

ij=1 i,j=1

Proposition 4.9 Let X,Y be two RVs with VarX - VarY # 0, then
p(X, V)| < 1. If |p(X,Y)| =1, then Y = aX + b almost surely for
some a,b € R.
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Proof: By the Cauchy-Schwarz Inequality, the first property follows from
Cov(X,Y)? = (E(X — EX)(Y —EY))? < E(X - EX)?-E(Y — EY)? = VarX - VarY .
For the second one, assume |[p(X,Y)| = 1. Then
Cov(X,Y)? = VarX - VarY ,

and hence
(E(X —EX)(Y —EY))?=E(X -EX)>.E(Y —EY)?. (14)

By Proposition 4.8, the condition (14) implies that
Y - FEY =a(X — EX)
almost surely for some o € R. Then

Y=aX+ (EY —aEX) (a.s.).

Takea=aand b=FY —aFX. R

Proposition 4.10 If random variables X and Y are independent,
then Cov(X,Y) =0, but not conversely in general.

Proof:
Cov(X,Y)=E(X-EX)(Y—-FEY)) =EXY -E(XEY)-E(YEX)+EXEY =EXY -EXEY =0.

For the rest of the proof, consider the unit circle S = I' in the complex plane with the standard probability
measure P on the g-algebra of Lebesgue measurable subsets of I'. Take RVs

X (exp(it)) = cos(t), Y(exp(it)) =sin(t); exp(it) €T.

RV’s X and Y are not independent, since, for example,

1 1 33 9 1 1 1
PIX<—|PlY<—=]=--=—#-=P|lX<—Y<— ).
( ‘\/§> < ‘ﬂ) 117167 3 < TV2 T 2>

However,
2 2m 2w 2m
1 1 1 1
EXY = — /cos(t) sin(t)dt = — /Sin(2t)dt =0=— /cos(t)dt C— /Cos(t)dt = EXFEY .
2 a7 27 2
0 0 0 0

In the proof of Cov(X,Y) = 0, we have used only that EXY = EXFEY. Thus, in our example, we have
Cov(X,Y) = 0 without having independence of X andY. 1
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4.5 Random sequences

The sample space will be denoted by S, as usual. The space of all real valued sequences will be denoted
by m.

Given a countable system X = (X;, X»,...X,,...) of random variables on our sample space S. We call
X a random sequence on S. The JDF of X is the function

FX(seq(x)) = P({Xl S a:l,XQ S T, .. Xn S Tny .- }),

where seq(x) = (21, z2,...2y,...) € m.
Given a random vector X = (Xj, X»,...X,), then the JDD of X is the following generalized function
Py : FS(R") — Ry, defined by:

(p)-(‘,]IB) :P(FX: EB) (BEB(R”))

It can be shown that p ¢(¥) = Dy, Dy, . .. Dy, F¢(Z), where & = (21, 72,...7,).

Given an independent random vector X = (X7, Xa,...X,,), then the marginal distribution density of
X, is the generalized function pyx € F'S’(R™) defined by px = D,, Fx. Clearly, the marginal distribution
density px of X is the usual DD px, € FS'(R) of Xy, if X; are not considered for j # k. Denoting

Qi = {Z|zr < ri} CR" for a 7= (r1,72,...7,) € R™, then
(p,Hmzlek) = Fx<7?) = FXl(Tl) . FXQ(TQ) fa -FXn<Tn) =

(pX17]I{271§r1}) ’ (pxzvﬂ{wzﬁm}) T (an’H{anTn}) = (p1,1g,) - (P2,1g,) - - -+ (Pn, 1g,)-
The approximation of functions in F'S(R™) by the step functions gives us the following formula
(P, ¢(Z)) = (P1,01(21)) - ...+ (Pn; Pn(2n)) = (P1 - ... - Pn, $(Z)) (15)

for all ¢ (zx) € FS(R), where ¢(Z) = ¢1(x1)-pa2(x2)-. . . dn(xy). Taking the formula (15) as the definition
of the product of generalized functions py depending only on xp and using the density of linear span of
all functions ¢(Z) = ¢1(x1) - pa(z2) - ... - Pn(xy) in FS(R™), obtain p=p1 ...  Pn-
Let X = (X3, Xo,...X,) be an independent random vector. Then:
I. Given k € N, then

E(X{-...- X} =EXy-... - EXF, (16)
provided that EX Jk are all finite. We know already this fact for two independent RVs and k = 2. Let us
prove the formula (16) for arbitrary n and k.
Proof: Denote by px, € F'S'(R) the DD of Xy, by p € F'S’(R™) the DD of X, and by px € F'S’(R™) the
marginal distribution density of Xj. By (15), we obtain

X XE) = (k) = (praad) - (P ah) = (X)) - (X)W

It follows immediately from (13) that
II.
B(X, Xo-...-Xp) = EXy-EXo-...  EXy,

provided that FX; are all finite.
I11.
Mx, 4. 4x, (1) = Bttt — petXi. . Bet®n = My (t) ... Mx,(t), (17)

provided that My, (t) are all well defined.
IV. If all our RVs X are central (that is £Xj = 0), then

Var(Xy ...  Xp) = po(X1) - oo pa(Xp) — p(X1) - oo 3 (X)) = po(X1) - oo (X)) =
(u2(X1) = p3(X1)) -+ (p2(X2) — pf(X2)) = VarXy -... - VarX,,

provided that VarX; are all well defined.
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4.6 Exercises

Exercise 4.1 Given a random variable X with density

31
px(t) = 5 1 qy(t)

a) Find VarX.
b) Find the density py(t) of Y = X?2.

Solution:
a)
I 5o\ "1 I 1
EX=[Z(s*+s)ds= (-2 =< EXQ—/5 2)ds = .
/2(3 + 8)ds (10 4)1 5 o (87 7)ds =3
—1 —
VarX—EXz—(EX)z—l— 1y 2
- 3 5) 75
b)

for t<0

ve f_\(t/g SBTH I_y1y(s)ds for t >0,
/ px(s)ds 0
—Vi 1 for t>1

Hence py (t) = Tjoyy(t) - & Fy (t) =

Vit

NG

Exercise 4.2 Seven fair dice are rolled. Denote by Sy, the score on k-th die. Given the following random
variables: X = 81 — Sy, andY = S5 + Sg + S7.

a) Find the expected value EX.

b) Find the expected value EY .

¢) Find the variance VarX.

d) Find the covariance Cov(X,Y).

Solution:
a)
1 1 1 1 1 1 7
ES,=1-—+2-- =44 = - = —=—-—: EX=F — =FES; —ESy=0.
Sk 6+ 6—|—3 6+ 6+5 6+6 6 5 (51 SQ) S So =0
b)
7 21
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c) Note that Sy is independent with S; for k # j. Then we can write

91 77 35
EX2:E(Sl—52)2:ES%—2E51E52+E53:2.6—2-55:F

We have used here the following;:

1 1 1 1+44+9+164+25+36 91

ES2—=12.2492. 24 ...462.2 = -

Sk T2 gt +6 G 5 :
%0 35 35
VarX:EXQ—(EX)QZF—Ozzg.

d) X = 51 — S, depends only on 1-st and 2-nd dice; Y = S5 + S¢ + S7 depends only on 5-th, 6-th, and
7-th dice. Consequently X and Y are independent, hence Cov(X,Y) =0. O

Exercise 4.3 Given the following continuous distribution function

0 if t <3,
Fx(t)=<¢ C{t—3)? if 3<t<5, ofarandom variable X.
1 if 5<t

a) Find the coefficient C.

b) Find the distribution density of the random variable X .
¢) Find the probability of the event {X € [3,4)}.

d) Find the expected value EX.

e) Find the variance VarX.

Solution:
a)
lim Fy(t)=1= lim C(t-3)>=C-4=C = -.
t—5+ —5—
b)
. o0 if t¢[3,5],
p(t)_atFX(t)_{ 1-2t-3)=52 if te[3,5],
c)
1 1
P(X):FX(4)—FX(3):7(4—3)2—0:1.
d)
T 5t(t—3) # 3.\|° 125-27 3 49 13
EX = [ tp(t)dt = dt == -2 )| = —Z(25-9)= — —12="—".
/p() / 2 (6 4 >3 6 2t ) 3
—00 3
e)
5
t—3 B\ 625-81 125-27 544 98
EX?= |2 "dt=|——-—)| = - =" " _68—49 = 19.
/t2dt<82>3 8 2 g g 8- 49=19
3
13\? 171 169 2
X=EX’—(EX)?=19- (=) =—-=—"2==2.01
Var (EX) 9 (3> 9 5 5
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Exercise 4.4 Three fair dice are rolled. Denote by Sy, the score on k-th die. Given the following random
variables: X = S1 — Ss, and Y = S1 — Sy + Ss.

Find EX, EY, VarX, and VarY

Solution:
1 1 1 3.7 7 1+4494---+36 91 91 49 35
ES,=1--42--4-46--="+—=—-: ESZ= =—; VarS, = — — — = —.
L A A U 6 60 MRFTE T L T 12
7
EX=FES5 —FES;=0-0=0; EY:E51—ESQ+E53:§.
Sy, are independent for different k. Therefore
VarX = VarS; +Var52:%:%; VarY = VarS; + VarSy +Var53:%. O

Exercise 4.5 Let r > 1 be a real number. Consider a random variable X which takes values r with
probability p and 1/r with probability 1 — p. Compute Var(2X + 1) forr =2 and p = 1/2.

Solution:
EX:r-p—l—;(l—p); EX :r-p—I—ﬁ(l—p).
1 1 2
WmX:EX%%EXf:ﬂ-p+QQ_M_<WP+u_m>.
r r

Var(2X 1) = 4VarX =4 4+ (1/2) + {(1/2) - (2-(1/2>+;<1/2>)2] -¥ o

Exercise 4.6 Consider two random variables X and Y with joint probability distribution given in the
table:

X\Y[ o [1]2
0 |[1/6]1/4]1/8
1 [1/8[1/6|1/6

(i) Find P(X = 0[Y > 0).

(7i) Are the random variables X and Y independent?

Solution:
(4)
B _ P(X=0&Y>0) 1/4+1/8 _3/8 9
PX =0y >0) = P(Y >0) T 1/4+1/8+41/6+1/6  17/24 1T
" 9 13
P(X =0y >0)= - #P(X=0)=1/6+1/4+1/8 = .

Thus, X and Y are not independent. [J
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Exercise 4.7 A fair coin is rolled 3 times. Let X be the number of heads in first 2 trials and Y be the
number of heads in first 8 trials. The corresponding joint probability distribution of < X,Y > is given in
the table

X\Y 0 1 2 3
0 1/8 1/8 0 0 P(X=0)=1/4
1 0 1/4 1/4 0 P(X=1)=1/2
2 0 0 1/8 1/8 P(X=2)=1/4
PY=0)=1/8 | PY =1)=3/8 | P(Y =2) =3/8 | P(Y =3) = 1/8
a) Find E(XY).
b) Find Var(X).
¢) Find Var(X +Y).
d) Find Var(XY).
e) Find Cov(X,Y).
f) Find the conditional expectation E(X|Y > v/2).
Solution:
a)
EXY—1171272272 o~
4 + 4 + 8 23 8
b)
1 1 3 3 1
= — 2 = . — - = — = 2 — 2 = — — = —
EX = 12+24 L BEX’=1.5+44-7=5 VaX=EX*— (BX?=3-1=_.

c)
Var(X +Y) = BE(X +Y)? - (E(X +Y))> = EX? + 2EXY + EY? - (EX)? - 2EXEY — (EY)* =

VarX + VarY + 2(EXY — EX - EY).

3 3 1 12 3 3 3 1 24 3\* 3
EY=1-2+42-243.-="=2 EY?’=1-244-249.-="=3. VaY=3-(=-] =",
sTIRTYRTR T2 s TR TR o (2)4
1 3 5, 9
X+Y)==+-+2(2-1- 2 id
Var(X +¥) =g+ 3+ ( > 177371
d)

1 1 1 11 9 19 31
E(XY)2=12.12.2412.92.2492.92. 2 192,32, - _ ~ 11494 7 _ 72
(XY) i i gt 384+++23+44

1 1

VarXY:E(XY)Q—(EXY)Z:%_22:Z‘r’,

€)
1
Cov(X,Y)=E(X —EX)(Y —EY))=E(XY)-EX-EY =2—1. g 50
f)
E(X‘]IY>2> 1.1 49.1 49,1 3 3
E(X]Y >V2) = rzvey) _ 4 8 s =41 -=°-.0
P(Y 2 V?2) PY=2)+P(Y =3 3+{ 2



Exercise 4.8 Let X andY be independent random variables, EX =0, EY =1, and VarX = VarY = 1.
Find the variance Var[(X — 1)(Y + 1)].

Solution:
Note that X — 1 is independent with Y + 1. Hence we have

Var[(X —1)(Y +1)] = Var(X — 1)Var(Y + 1) 4+ Var(X — 1)(E(Y +1))? + Var(Y + 1)(E(X —1))? =
VarX - VarY + VarX (1 +1)* + VarY (-1)? =1 +4+1=6. O

Exercise 4.9 Gliven the following function

0 if  x<O0,
flx) =< MNdx —22) if 0<2<2,
0 if 2<a.

a) Find a value of \ for which f is the distribution density of the distribution function Fx of some random
variable X .

b) the correspondent \ and X find:

(i7) the probability of the event {X € [1,3)};
(7i1) the expected value EX ;

(1v) the variance VarX.

Solution:
a) f(z) >0,
2
3 2
1—/f —)\/(m—x2)dx—)\<2x2—$) (8-8/3) = )‘L6
3 /1o 3
0
So, A = 1%.

b)(i) Fx(t) =0 for t <0 and Fx(t) =1 for t > 2. For t € (0,2):
t ; t ; 5
— = [ (4z - e
/f(:v)d 16/ x — 6<:L’ 3)
0 0

3 3 5 5 11
< = — =] - — -1 — =] - — . = - = .
POSX <3)=Fx(3) - Fx()=1- {22 1-1/3)=1- o5 =1 =

b) (iii)

o] 2
3 3 (4 1
EX = - = 42_3 — 2 (=3 _ -4
/tf(t)dt 16/( PPyt = <3t =
—00 0

b)(iv)

2
3 3 1 \* 3 32 6 9
EX2:/(4t3—t4)dt— th— )] == . (16-"=)=3-—-="_.
16 16 5 )|, 16 5 5 5
0

9 25 144-125 19
5 16 80 - 80°

Hence
VarX = EX? — (EX)? =
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Exercise 4.10 Given two independent random variables X and Y with the moment generating functions

Mx(t) = /2 and My (t) = (1+€h)2.

a) Find EXY and E(X —-Y).
b) Find Var(X —Y).
c) Find Var(X - (2Y —1)).

Solution:
a) EX = M%(0) = tet2/2’ =0, EY = My (0) = 3e'|,_, = 1/2. Hence EXY =0 and E(X —Y) =
EX - EY = —1/2..
(22 (. 22y (22 g2 22 ‘ _
b) p2(X) = (e7/%)"] = (t-e"F)| = (et =1
t " t / t
)= (5%) | =(5)] =%|_ =%
=0 t=0 t=0

VarX = pp(X) — (EX)2=1-0=1.

VarY = pa(Y) — (BY)? =1/2 — (1/2)2 =1/2 - 1/4=1/4.

Var(X —Y) = VarX + VarY =1+41/4=5/4.

c) EX=0and E(2Y —1)=2EY —-1=2-1/2—-1=0.

Thus, both the factors a central random variables. Since they are independent, one gets

Var(X - (2Y —1)) = VarX - Var(2Y — 1) = VarX - Var2Y = VarX -4-VarY =1-4-1/4=1.

Exercise 4.11 Given two independent random variables X and Y with the expected values EX = 1,
EY =2, and the variances VarX = VarY = 1.

a) Find the second moment puo(X) = EX2.
b) Find the variance Var(X + 1)(Y + 2).

Solution:
a) VarX = EX? — (EX)? =1, s0

EX*=VarX + (EX)’=1+12=2.
b) X + 1 and Y + 2 are independent too. Hence
Var(X + 1)(Y +2) = Var(X + 1)Var(Y 4 2) 4+ Var(X + 1)(E(Y +2))? + Var(Y + 2)(E(X +1))? =

VarX - VarY 4+ VarX (E(Y +2))2 + VarY (E(X +1))? =1+ (24+2)°+ (1 +1)2=14+16+4=21. O

Exercise 4.12 Moment generating functions of independent RVs X and Y are:

M

Mx(t) = —— & My(t) = e,

a) Find Var(XY).
b) Find Cov(X,Y).
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Solution:
a) Since X and Y are independent, then VarXY = VarX - VarY + VarX (EY)? + VarY (EX)2.

EX = My(t)|,_, = (

1—1)?
2\’
EY = <e2>

b) Since X and Y are independent, then Cov(X,Y) =0. O

=92 VarX=2-12=1.
t=0

AW t2 t2
=0. EY2 = (t'€2> = (62 +t2.62)
t=0 t=0 =

VarXY =1-1+1-0°+1-12=2.

=1 EX®= My(t)|,_,= o

—t.ez =1. VarY =1-0°=1.

t=0

Exercise 4.13 Given a random variable X with the expected value: EX = 1; the variance: Var(X) = 2;
and the third moment puz(X) = pus = 2.

a) Find the third centered moment p3(X). [Hint: use the formula p§ = pus — 3ppe + 243).
b) Show that the random variables X + 1 and X? are not independent.

¢) Let a random variable Y be independent with X, and EY = —2, and VarY = 1. Find the variance
Var(X — 1)(Y + 2).

Solution:
a)
VarX = pig — p3 = pig = VarX 4+ p2 =2+ 12 = 3.
P = pz —3pipe +2u3 =2-3-1-3+2-12=4-9= 5.
b)

E[(X+ )XY =EX?+EX*=ps+puz=3+2=5.
E(X+1)-EX*=(EX+1)-pup=(1+1)-3=6.
If X +1 and X? are independent, then
5=F[(X +1)X? =E(X +1)EX? =6, a contradiction.
Hence, X + 1 and X? are not independent.

c) As X and Y are independent, then X —1 and Y +2 are independent too. Since E(X —1) = EX—-1=0
and E(Y +2) =EY +2=0, then X — 1 and Y + 2 are both centered RV’s. Hence

Var(X — 1)(Y 4+ 2) = Var(X — 1)Var(Y +2) = VarX - Var¥ =2-1=2. O

Exercise 4.14 Given two independent random variables X and Y with the same distribution functions
o [ 1—exp(—t) (t>0),

a) Find the distribution density px(t) of the random variable X .
b) Find the expected value EX .

¢) Find the variance VarX.

d) Find the variance Var(X —2Y).
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Solution:

a)

d et (t>0),

b)

EX = / tpx (t)dt = /tetdt =[v:=t,u :==e " = vul® - /v’udt =

—00 0 0
t(—eft)mo - /1 (—e Hdt =0+ /etdt = —eft‘go =0—-(-1)=1
0 0
c)
EX? = /th_tdt = t*(—e )|y - 2/t (—eHdt=0+2-1=2.
0 0

VarX = EX? — (EX)*=2-12=1.

d) Since X and Y are independent, then X and —2Y are independent too. So we have

Var(X —2Y) = VarX + Var(—2Y) = VarX +4VarY =1+4-1=5. O

Exercise 4.15 Given a (1)-exponentially distributed random variable X .
a) Find the moment generating function Mx (t) and its domain.
b) Find the variance of X.

¢) Find the variance of X2.

Solution:
a)
_Je® (s=0)
pX(S)_{O (s < 0).
My (t) = E tX ts | =5 _/ s(tfl)d — L os(t—1) -0 - - _ -
x(t) = Be /e A R . O =1
0 0
b)
1) 1
EX = M%(0) = <> = =1.
X 1—-t) |,y Q—1)2]_,
1\ 2
EX? = MY(0) = <> = =2.
X 1—-t) |,oy Q=13

Hence VarX = EX? — (EX)?=2—-1=1.

c)
1 " 6 1 1A% 24
— ) = = = EXx‘=24
(H) (1—0)" <1t) (1)

VarX? = B(X?)? - (EX?)? = EX* — (EX?)? =24 -2 =20. O
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Exercise 4.16 The distribution of the system {X,Y} of random variables is given by:

X\Y[ 2 0
0 | 1/4]1/6
1 [1/3]1/4

(i) Find the covariance Cov(X,Y)
(i) Find the conditional expectation E(X|X +Y > 0)

Solution:

(i)

Cov(X,Y)=E(XY) - EX -EY.
E(XY)=1(-2)-1/3=—-2/3.
EX=0-(1/4+1/6)+1-(1/34+1/4) ="7/12.
EY =(=2)-(1/4+1/3)+0-(1/6 +1/4) = =7/6.

6

5T T T mTn T

2 7 (7)_ 2 49 48 49 1

(ii)
EX|X+Y>0)=EX|Y =0)=0-P(X=0]Y =0)+1-P(X =1|]Y =0) =

P(X:HY:O):P(le&Y:O)_ /4 1/4 3

P(Y =0) T 1/64+1/4  5/12 5 -

Exercise 4.17 A point (R1, R2) is taken randomly in the parallelogram with vertices (0,0), (2,0), (3,1),
and (1,1). Find the function E(Ra|R1 = x) of the conditional expectation of Ra, given R; = x.

Solution:
For0<z<1: )
z R x
B =)= [Cyepdy= [y =1 =]
For1 <z <2: ) )
E(Rlezﬂf)Z/ y-p(y)dy=/ ydy = 5.
0
For 2 <z < 3:
E(RIR—)—/1 (y)dy = — /1 PO Sl
2 1—:17— x_2y py y_l—(x—2) x_Qy y_3_x 2x_2_
1 1 B-z)(x—1) x—-1
(11— (-2 = (2" +42-3) = = O
TS R AR T pun S 2(3 — ) 2
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5 Standard distributions

Here we consider several standard distributions.

5.1 Uniform, Exponential, and Normal distributions

I. A RV X is called (a,b)-Uniform (or U,;), where —oo < a < b < oo, if

b? — a2 _b+ta
2(b—a) 2

b
EX:/:c(b—a)_ldx: Sb—a)|_
b

73

3(b—a)

t:b_ b3 —a? _b2—|—ba—|—a2
3(b—a) 3 '

EX? = /xQ(b— a) tdr =

a

t=a

B +ba+a® (b+a\® (b—a)?
VarX — EX?— (px)2 = tbatar  (bday® (b-a)f
3 2 12
The MGF is given by
b
tX t b —ld ebt — eat t 0
Mx(t)=F = (b — = .
X0 = Be) = [p—a)lar = G5 (40
IT. A RV X is called \-Exponential (or F)), where A > 0, if
px(t) =\ e M. ]IRJr(t).
The MGF is given by
Mx(t) = E(eX) = /etx)\e)‘xdx = )\/e(t)‘)mdx _ A - (—oo <t <)
t—A 1—t/A ‘
0 0
1 1
EX =My(t)|t=0 = —— =—.
AML—=t/N)?]_y A
2
EX% = MY¥(t)|i=0 = 5z = —.
NN |y W

) , 2 1\? 1

III. A RV X is called (a,0?)-Normal or (a,0?)-Gaussian or just N, .2, where a,0 € R, if

1 (t—a)?

px(t) = ooz © o?

o4



The MGF is given by

1 (z—a)? 1
Mx(t) = E(e'X) = . ee” o7 dx = exp(at + —o*t? —o00 <t < 00).
() = B(e7) = 70— (at +50°¢) )
—0o0
/ 2 L 90
EX = Mx(t) = (a+ o°t) - exp(at + =o°t%) = a.
t=0 2 t=0
1
EX? = M¥%(t) = [(a+ ®t)* + %] - exp(at + 502t2) =a?+ o’
t=0 t=0

VarX = EX? — (EX)* = a* + 0* — a® = 0.

The next important property follows directly from Theorem 3.1.

Proposition 5.1 If RVs X and Y are independent, with X € Ny 02 and Y € Ny 02 then X +Y €
N, 2. 2. M

a1+az,01{+03

Proof: It follows from (17) and Proposition 4.5. W

5.2 More on Dirac )-function

Consider the space F'S(R") of infinitely many times differentiable finitely supported real-valued functions
on R™. Denote by F'S'(R™) the space of all [continuous w.r. to a “certain natural topology” in F'S(R™)].
The following functional § = dy € F.S'(R):

3(¢) = (0,¢) =0(0) (¢ € FS(R))

is called the Dirac J-function. Respectively,

dq(¢) = (64, 9) = ¢(q) (¢ € FS(R))

Notice that any locally integrable function g (in symbols: g € Loc(R™)) is in F'S'(R™), indeed:
90)=(0.0)= [ g®odt (e FSE),

Definition 5.1 Given u € FS'(R), the following functional u' € FS'(R):

u'(¢) = ¢)=—(u,¢)) (¢€FSR))

is said to be the generalized derivative of u and is denoted by Dy(u). Similarly, we define generalized
partial derivatives of v € F.S'(R").

By induction,
(u<m>,¢) = (C1)™(w, ™) (6 € FS(R)),

for all u' € FS'(R), m € N.
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Remark that for a differentiable function f on a domain in R"”, the generalized derivative coincides with
the usual derivative. Consider only the one dimensional case, n = 1.

of < of > °° ,0¢ < 0¢ 0o
<8t,q§) = . 8t(ﬁ(t)dt:/_oofqb(t)dt—/_Oofatdt: —/_Oofatdt: —( ,&dt) = (th,q§>

for all test functions ¢ € F'S(R), and therefore % = D;f.

For example, the Heaviside function H € Loc(R) C FS'(R) has the following derivative:
o d o
(1,0) = ~u.of) == [ HOG 0= [T HSU= ol =60) = 6.0) (0 PSR)).

In other words, H' = 4.

One can do many of usual analytic manipulations in generalized sense with functional from FS’(R). For
instance, if f : R — R has countably many discontinuities with left and right limits at them, say

[ee]
F@&) = folt) + > hnH(t —t,),
n=1
where fy is continuous. Then

Dif = [fé(t)] + Z hnd(t —tn) = Z hndt,, (1),
n=1 n=1

where f{(t) is the usual derivative of f(t) at t # ty,.

5.3 Discrete distributions

Discrete RVs are given by distribution functions of the following form.

Fx(z) =Y pnH(z — ),
n=0

oo

where > p, =1, and (z,)5, is a sequence in R. In most of cases, z, = n. Consider several standard
n=0

discrete distributions.

IV. (p)-Bernoulli (or B,): 0 <p <1, and the DF is given by

1

Fx(z) =) p'(1—p)'"H(x —i) = (1 - p)H(z) + pH(z — 1).
=0

The parameter p is interpreted as the probability of success in a Bernoulli trial. The “distribution density”
is given by

px(z) = D, ((1 D) H(@) + pH(a - 1)) — (1- p)bo(x) + poi (a).

Given a (p)-Bernoulli distributed RV X, then

EX = /mpx(x)dx:(l—p)/xéo(:t)dx+p/x51dx:
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(1 =p)(0,2) +p(d1,2) = (1 = p)z(0) + pz(1) = (1 —p)-0+p-1=p
The k-th moment is:

EX" = (1= p)(6,2") + p(d1,2") = (1 — p)x(0) + pa*(1) = p.
Thus,
VarX = pp — i = p—p* = p(1 - p)
The MGF is given by

[e.o]

Mx(t) = / e px(x)dr = (1—p)(d, ™) +p(d1,e™®) = (1—p)e"*|smo+pe'®|s=1 = (1—p)+pe’ (t€R). O

—00

V. (n,p)-Binomial (or B, ,): n €N, 0<p <1, and the DF is given by
n . s .
Fx(o) =3 (7)1 - oyt -

The “distribution density” is given by

px(o) = Do 3 () -y ) = no (7)o

=0 i=

Given a (n,p)-Binomial distributed RV X, then
EX =i x) = \pi(1 = p)" i = np.
(px, @ ZE:( > (6, ) 0<Z>p( p)" i =mnp
The k-th moment is:

- n i —. n
EXk:(pX,fEk)ZZ<i>p’(1—p)" i* VarX =np(1 —p), and Mx(t) = ((1—p)+pe)”. O
i=0

VI (p)-Geometric (or G,): 0 < p < 1, and the DF is given by

Fx(z) = Zp(l —p) H(x — ).

The “distribution density” is given by

(- p e -0) - S

Given an (p)-Geometric distributed RV X, then
R i1, _ 1
EX = (px, = Zp Y(6s,2) = Zp x(z):Zp(l—p) =2,

i=1

‘ 1—
EX" = (px,» Zpl— Yk VarX = — L

and Mx(t) = for t < —log(l—p). O

pe’
1—(1—p)et
Consider a sequence of (p)-Bernoulli trials. Then P(F.S. = k) = p(1 — p)* is the probability of the event
that first success occurs in the k-th trial.
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Proposition 5.2 P(F.S. > n+k|F.S. >n) = P(F.S. > k).

Proof:

_P(FS.>n+k&FS.>n) PFS>n+k) (1-pmrt
P(F.S. > n+k|F.S. >n) = PFS. > ) = PFS S C A - (1-p)* = P(F.S. > k).

Meaning of Proposition 5.2 is the following. Assume that we have a collection of devices of different age,
whose life-time are (p)-Geometric distributed. Then there is no reason to replace some of them unless
they are broken.

VII. (M\)-Poisson (or Py): 0 < A < oo, and the DF is given by

The “distribution density” is given by px(z) = >_ e‘A¥5i(x). Given an (\)-Poisson distributed RV X,

=0
then
EX_OO—Ai(S _OO )\/\i__)\oo )\i __)\OO/\(m—H)_ N OO)\ _
R e I
=0 i=0 i=1 0 m=0
EX(X—l):ii(i—l))\—ie_)‘:)\2e_’\§: N = A2e et = \2
2 i 2 (i —2)! ’

VarX = EX? — (EX)? = [EX(X — 1)+ EX] — (EX)? = [\ + \] - A2 = )\,

and Mx (t) = exp ()\(et - 1)) forteR. O

5.4 Exercises

Exercise 5.1 Let X andY be two independent random variables. Find VarXY in each of the following
two cases.

a) X is Byjp and Y is Gys.
b) X is N_g1 and Y is U_g ;.

Solution: a) VarX = 1/2(1 - 1/2) = 1/4. Var¥ = 77 = 2. EX =

NO|—=

Since X and Y are independent, then

1 1
VarXY = VarX - VarY + VarX - (BY)?> + VarY - (EX)? = — - 24 —-22 +2.(1/2)* =1/2+1+1/2=2.

4 4
b)
VarX = 1; VarY:(l_l(Q_m)Q:9/12:3/4; EX =-2; EY:1+2(_2):1/2;
VarXYzl-i%—l'<—;>2+i-(—2)2:3/4+1/4+12/4:4. 0
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6 Laws of Large Numbers

Here we consider the limit behavior of sequences of independent random
variables.

6.1 Chebyshev’s Law of Large Numbers

We begin with the following proposition.

Proposition 6.1 Assume that RVs X; are only pairwise indepen-
dent. Then

Var(X; + Xo + ...+ X,,) = VarX; + VarXy + ... + VarX,,, (18)
provided that VarX; are all well defined for all 1 < j <n.

Proof: Since EX; X}, = EX;FEX), for j # k, we obtain

n n

Varzn:Xj = E(zn:Xj—Zn: EXj)2 = E(Z(Xj—EXj)>2 = B(X;-EX;)’-) EB(X;-EX;)(Xp—EXy) =
j=1 j=1 j=1

=1 =1 J#k

n n n
Y VarX;—Y (EX; Xy~ EX;EX;~EX;EX;+EX;EXy) = Y VarX;—» (EX;X;~EX;EX;) =) VarX; W
i=1 itk i=1 J#k j=1

Now, let us remind the Markov’s inequality (cf., Proposition 4.7).
Given a non-negative RV R, then
ER
P(R>¢) < — (Ve > 0). (19)

[t follows from (19) that for any random variable Y and for any number
ceR:

E|Y —¢|™
<

P(lY —c|>¢e)=P(|Y —¢|" > &™) (Ve > 0,m € N).

(20)

gm

In particular if m = 2, ¢ = EY then
E(Y — EY)? VarY
g2 T2

P(Y —EY|>¢) < (Ve >0).  (21)
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Theorem 6.1 (Chebyshev’s law of large numbers) Let (X;)32,
be a sequence of pairwise independent RVs having finite second mo-

ment. Assume also that VarX; < M for all j and denote S, = > Xj.
j=1

5}:().
M

1 1 Sn 1< 1
j:

Then, for any e > 0,

1
lim P{—

n—oo mn

Sp — ES,| >

Proof: Letting Y = %Sn in (21) and using independence, we get

n g2

Corollary 6.1 Let X;,X5,...,.X;,... be the results of independent
trails in an experiment with m = EX; < oo and o* = VarX; < oo.

Then, for any e > 0,
Sh
S _m|<g}—1. -

lim P {
n—00 n

Corollary 6.2 Consider a sequence of (p)-Bernoulli trails, and let
X, be the number which appears on trail j. Then, for any e > 0,

hmP{S——p| }—1. |
n—oo

n

6.2 Central limit theorem

A sequence Xj of RVs is said to converge in distribution to an RV
X if
lim Fy, (t) = Fx(t),

n—oo

for every ¢t € R, at which Fx(t) is continuous. In this case, we write
d
X — X.
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Theorem 6.2 (Central limit theorem) Let (X;); be a sequence
of i.4.d. (independent identically distributed) RVs with EX; = m and
VarX; = o%. Then, for every a <b

Sy —nm 1 b
I N — - —t7/2
P(a, < O—\/ﬁ < b) FNO’UQ (b) F}\]O’J2 (a,) = \/%\/a & dt s

where S, = Y X,;. In other words,
=1

J
S, — FES, 4
o L ZeNgr (n— o0).
vVars,,
Proof: To be included later. B

A a special case of Theorem 6.2 is:

Theorem 6.3 (Moivre-Laplace’s theorem) Let (X;); be a se-
quence of independent (p)-Bernoulli distributed RVs. Then, for every
0<a<p

Ploc< 8, 8) > P () = o (s, (2

2
where Fi, ,(z) = ﬁ [ e~ Tdt.

Proof:

P(a<Sn<ﬁ):P(a—np<Sn—np<ﬁ—np):P(a_np< Sn—np<ﬁ—np>

ov/n ov/n ov/n

P a—np Sp —np B —np )%F 1( B —np )—F 1( a—np ) n
( np(l—p)< ov/n <\/np(1—p) Yo\ Vnp(1 = p) Yo\ np(1 = p)

6.3 Exercises

Exercise 6.1 Given a sequence X, of independent identically distributed random variables with moment
t

generating functions Mx, (t) = % Are the conditions of Law of Large Numbers satisfied for the

following sequences.

a) For the sequence X,,.
2(n+1)2

b) For the sequence Yy =3 7 | 5.2 Xi.
¢) For the sequence Z,, = X1 + (—1)"Xas.
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Solution:
a) The sequence X, is independent.

1 1 AN 1 n—1
—_ L 2 _ t _ L, _ 2 2 _
EX, = My (t)],_, = —e Rl EX? = <ne ) i VarX, = EX: — (EX,)* = S <L

So VarX,, is uniformly bounded. Hence the conditions of LLN are satisfied for X,,.
b) The sequence Y,, is independent, since the families { X som2se s Ko 112} are disjoint. But

2<71Jr1>2 2(n+1)2 ‘ 2(n+1)2 2(n+1)2

_ _ i—1 1 L. 2+ ()2 n? _ 1. 92n+1
Vary,, = Z VarX; = Z — > — ~ —dt =Int|7,» =1n2 —In2" =1n2 — 0.
12 i t 2
i=14272 i=1+2n> i=1+2n> gn?

So VarY,, are not uniformly bounded, and the conditions of LLN are not satisfied.

c) The sequence (Z,), contains the same RV on odd places, so (Z,), is not pairwise independent, and
hence the conditions of LLN are not satisfied. [

Exercise 6.2 1000 fair dice are rolled. Consider the following event:
A = {290 < sum of scores on first 100 dice < 410}; B = {3400 < sum of scores on all 1000 dice < 3600}.

a) Show that P(A) > 91%.
b) Show that P(B) > 2/3.

Solution:
a) Consider random variables X; that are the scores of j-th die for j = 1,...,1000.
1 7 1 91 91 49 35
EX;=-(1424---46) = =; EX?=_(1+4+---436) = —; VarX; = EX?—(EX;)? = ——-— =",
5= gUA2H 46 = 5 BXJ =G (Ibde436) = 5 Vark; i B = T
100
Denote Sig0 = Y X;. Then
j=1
100 1 1
PA) =P X; =350 <60 ) =P -—1]S100— ES100] <06 ) =1-P | — |S100 — ES100| > 0.6 | >
(A) ; j (100' 100 100 ) <100! 100 100] > >_
VaI"Slo() 100Vaer 1 35 1 11 91
- =]l =1l-— - —=>1—-—=— > — =91%.
(100)2 - (0.6)? 3600 36 12 12 12 ° 100 %

1000
1 1
P(B) =P Z Xj —3500|{ <100 | =P < ’51000 — E51000| < 0.1> =1-P ( |51000 — E51000| > 0.1) >

= 1000 1000
1 VarSmoo -1 1000-35/12_1 i %_1 ﬁ_ﬁ_lﬁ?>g_g 0
(1000)2 - (0.1)2 (1000)2-0.01 10 12 120 120 24~ 24 3

Exercise 6.3 Given a sequence (X,)2 of independently distributed random variables with the moment

generating functions Mx, (t) = %, —00 <t<In2.
a) What is the expected value EX,, and the variance VarXy?

b) Show that P({1900 < 319 X,, < 2100}) > 80%.
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Solution: a)

2¢!

MY, (1) = [@ f)] e
So EX2 = MY (0) =6 and VarX,, = EX2 — (EX,)? =6 —2% = 2.
b)
1000 1000 1 1000
=P < ;Xn—;EXn < 100) = [since= EX,=2]=1—P (1000 nZ::an—2000 > 0.1) >
1000
I W—l—%zl—w:se%. a

Exercise 6.4 Given a sequence (X)) of independent equally distributed random variables with the
moment generating function: Mx, (t) = 1_%

2
a) Find the expected value EX,, and the variance VarX,.
b) Show that P({100 < 3 "= =100’ X, < 300}) > 99%.

Solution: a)

, _ 1 t\ 1 , 1
M, (1) (1—5)2'<12) =y g T P =M 0=
" 1 1 1 1 1 " 1

) , 1 1\? 1
VarX, = EXj — (EX,) = 5~ (5 ) =

b) EX, = 3, VarX,, = 1

400 400 400 400
21 Xn  EQZ1 Xn) 1
P 100<§ Xn<300>=P<§ X,, — 200 <100>:P<' n= <=
( ~ ~ 400 400 4
1 | & 1 Var (E400 X ) 400 - 4 1
1—-P —E X, —200[>=]>1— =1- 74_1——_99%
00| 1002+ (3)° w00 ()7 100

Exercise 6.5 Given a sequence (X,,)02 , of independent (p)-geometrically distributed random variables
forO<p<1.

a) What is the expected value EX,, and the variance VarX,, ¢ [Hint: You may use the fact that M (t) =

% fort < —In(1 —p), where Mx, (t) is the moment generating function of X,.]

b) Assume that p = 1/2. Estimate the probability P(B) of the following event: B = {800 < ZZ?;’OO Xn <
1200}.
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Solution:

a)
p-1 P 1
My (0)=—2— =L —_
O =TT T
MU (1) = pet(1 — et + pet)? — pet - 2(1 — et + pel)(—e! + pet)
" (1— el + pe)t '
A (O):p-1(1—1+p)2—p-1-2(1—1+p)(—1+p) P21 2-p
" (1-1+p)! P P
1
EX, = MY (0) = -
p
2-p (1\* 1-p
_ " / 2 _ —
b)
1 1-1/2 1
=1/2 = EX, = — =2 and VarX,, = =2.
p=1/2= 7 and Var (1/2) =1n
500 500 500
S50 X, 2 .2
P(B)=P X, —1000| < 200 | = P —2l<Z)=1-P X, z
g (; . ) ([P o] < R
500
25 25
1— X, S 2=1— g =1-25% =
5002 - (2)° Varz ~ 1250000 """ -500 o = 9T5%.

5

Exercise 6.6 Given a sequence (Xy)32, of independent random variables with the moment generating
functions Mx, (t) = 1%, |t| < 1.

a) What is the expected value E(X?) and the variance Var(X?)?
b) Show that P(1500 < S 5=19% X2 < 2500) > 91%.

Solution:
a)
My, (t) Zt] EX}= MY, (t)|—o =2 = 2.
EX} = M)(?g(t)‘ J=at=2
t=
Var(X7?) = E(X?)? — (EX?)?* =24 —-22=20.0
b)
1000
P(1500 < Y X} < 2500) = 1 — P(]|S1000 — 2000| > 500) =
k=1
51000 — £S1000] 1000=n,0.5=¢ 1 Sn — ESy,
1-P > 0.5 > 1— SVar| 1) =
( 1000 = = 2 n
o Vars, =1 100020 = 1 — = = 0.92 > 91%. [
—_ Py— ar prn —_ . . = _ — = . .
025 n2 " 250 000 25 !
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Exercise 6.7 A market every day gets from a farm chicken eggs in boxes. Fach box contains 300 eggs.
The standard percentage of the crashing is 15%. How many (in %) boxes of usual day purchase contain
less than 40 crashed eggs?

Solution:

Clear, we need only to find the probability of the event {there are 0 < S0 < 40 crashed eggs in a box}.
We apply the Moivre-Laplace for independent (p)-Bernoulli distributed RVs Xj,j = 1,...,300, where
p = 0.15.

EX; =p=015 VarX;=p(l—p)=0.15-0.85=0.1275, a=0,8=40, n =300

By (23),
— N a—n
P(O{ < Sn < 5) ~ FN()’l M - FNO,l 7]) :
np(l —p) np(l —p)
Therefore,
40 — 300 - 0.15 0—300-0.15 40 — 45 0—45
P(0 < Sy < 40) ~ Fy | [ 2220 o (2220 ) o (IR g (2222 o
(0-< Ss00 < 40) ~ Fivy, <\/300 : 0.1275) Nox <\/3oo . o.1275> Mot <\/38.25> No,1 (\/38.25>

) —45
Fng, (618) — Fing, (618) = Fng, (—=0.81) — Fig , (—=7.28) =1 — Finy,(0.81) — 1+ F, ,(7.28) =

[use the table 8.1 from Appendix] =1 —0.7910 — 1 4+ 1 = 0.209.
Thus, =~ 21% of boxes contain less than 40 crashed eggs. [

Exercise 6.8 The probability p of the event A is 0.8 for each trial. How many times we have to repeat
the trial, if we want to expect with the probability 90% that the frequency of occurrence of the event will
deviant from p less than by 0.057

Solution:

’Sn — 0.8‘ <0.06 = 0.75n < S5, < 0.85n.
n

Put in Theorem 6.3 o« = 0.75n and 5 = 0.85n. So, by (23),

0.85n — 0.8n 0.75n — 0.8n 0.05n —0.05n
PLOTn < Sn < 0.850) ~ Fio. <n0802) o <n0802) = o (m> o <¢m) -

Fi, (0.125v/n) — Fy,, (—0.125y/n) = Fy,, (0.125y/n) — 1 + Fy,, (0.125y/n) =
2Fn,, (0.125y/n) —1=10.9 = Fy,, (0.125v/n) = 0.95.
Using the table 8.1 from Appendix, we get

1.64 \?2
0.125yn =164 = n= <0125> —13.122 = 172.1344

Thus it will be enough 172 trials. [

Exercise 6.9 A fair coin is tossed 400 times. By using of the Moivre — Laplace theorem, calculate.
a) The probability of getting the tails strictly between 190 and 210 times?
b) The probability of getting the heads strictly between 180 and 200 times?
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Solution:

a)
EX;=p=05 EX;=p=05VarX;=p—p> =025

210 — 400 - 0.5 190 — 400 - 0.5
P(190 < Sy < 210) ~ Fy,, <) — Fr, <)

V400 - 0.25 V400 - 0.25

use the table

Frg, (1) = Frg, (—1) = Fg, (1) = 14 Fi, (1) 2.0.8413 — 1 = 0.6826 ~ 68%. O]

200 — 400 - 0.5 180 — 400 - 0.5
P<180 < Sy00 < 200) ~ FNO’1 () — Fng <> —

v100 V100

Frgy (0) = Fiy, (—=2) = 0.5 — 14 Fi, (2) ™ ™2 0.9772 — 0.5 = 0.4772 ~ 48%. O

Exercise 6.10 7To get the result of an experiment, one needs to add 2500 numbers. The rounding preci-
sion of each number is 1074, Suppose that occurred (by rounding) errors are independent and uniformly
distributed in the interval (—0.5-107%,0.5-107%). Find the interval (—r,r) that contains the total (sum)
error of this counting with the probability 0.99.

Solution:

We need to find r > 0 such that P(—r < S, < r) =~ 0.99, where n = 2500, S, = X1 +--- + X, and X
are independent RVs with the uniform distribution in the interval (—0.5-107%,0.5-10~%). [For uniform
distribution, we have math expectation is the middle of the interval and variance is equal to d?/12, where

d is a length of the interval.] m = EX; =0 and 0? = VarX; = %, o= m.

By Theorem 6.2,

r r 243104 2v/3 - 104
Pior < s o () = o (+57) = P <5OO> S (‘500 =

Fy, (40V3r) = Fy, (—40v/3r) = 2By, , (V3r) = 1.
Using the table from Appendix, we find u such that that
2FN0,1(“) -1=09 < FNOJ(U) = 0.995.

That is © = 2.58. After solving the following equation

0995 0995  0.995

40v/3r = 0.995 - - _
Var "T 403 40-1.732  69.28

=0.014,

we get that the the total error will be in the interval (—1.4-107%,1.4-107%) O
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7 Markov chains with finite number of states

A stochastic process is an ordered set X = {X; };cs of random vectors.
When the indexing set [ is countable, X is called a discrete time
stochastic process. When the indexing set [ is a nontrivial interval
in R, A is called a continuous time stochastic process.

In this section, X = (X)), is a sequence of N-valued RVs
on a probability space (S, A, P). Instead of saying P(X,, = k) = a we
also say that X, is in state £ with probability a. The collection
E = {k}?°, is called the state space of the random process (or,

stochastic process) (X,,)7,.

Example 7.1 Let X,, be the number of students who planning to be graduated from ODTU in (2018+n)-th
year. A probability space (S, A, P) can be arbitrary. Notice that, in general

P(X,H_l =n-+ 1|X0 = ko, ..., Xn1=kn1,Xp= kn) #* P(X,H_l =n-+ 1|Xn = kn). O

7.1 Markov chains

If the process , given the present, the future is independent of the past,
the process is called a Markov chain.

Definition 7.1 X = (X,,)>2, is said to be a Markov chain when-
ever

P(Xn—H = n—l—l‘X() = kO;---an = kn) = P(Xn—H = n—|—1|Xn = kn)
(24)

for every n > 0 and every states kg, ..., k+ 1.

A Markov chain X 1is said to be homogeneous whenever

P(X1 = kol Xy, = k1) = P(Xpyi11 = ko| Xy = k1) (25)

for every n,l > 0 and every states ki, ko.

Example 7.2 Any independent N-valued stochastic process (Xp)22, is a homogeneous Markov chain.
O

In what follows X is a homogeneous Markov chain with the
finite state space £ = {1.2.... m}, and we shall say that X" is just
a Markov chain.
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7.2 Transition matrices

Let n € N, 1 < 14,5 < m. Denote by
P = P(X, = j|Xo =) (26)

the n-step transition probability from state i to state j. The
l-step transition probabilities will be simple denoted by p;; and called
by the transition probabilities of the Markov chain (X,,)>%,. The
m X m-matrix

py pl Ll

po_ |5 P

0 0 .
is called the n-step transition matrix. The 1-step transition matrix
will be simple denoted by P and called the transition matrix of the
Markov chain.

Clearly, every matrix P™ satisfies

pn) . 1 —
1 1

Therefore, P™ is stochastic (that is: pg;) >0forall<z,75 <m,

and Z;”:l pz(;b) =1 for every 1 <14 < m).

Since
P =37 P(X, = X1 = k) P(Xoy = k| X = ) = S pl Vel
k=1 k=1
we obtain
p = pn-b) . p_ p=2). . p2_  — pn (27)
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7.3 Probability distribution of a Markov chain

The number
pr(n) = P(X, =k)
is called the probability of state k at time n > 0. The vector

—

p(n) = (pl(n)7p2(n)7 S 7pm(n)>
is called the probability distribution of the Markov chain (X}),
at time n > 0. Clearly,

pn+1):=pn)-P (Yn,1>0). (28)

The vector

po= (pr(1),p2(1), -, p(1))
is called the probability distribution of (X;),.

7.4 Classification of states

(n)
ij
=0 for all n > 1, we write 1 - 7.

We say that the state j is accessible from i if p;.” > 0 for some

(n)
ij

We say that ¢ communicates with j if ¢+ — 7 and 7 — 4. In this case
we write ¢ <» 7. Otherwise, we write 7 <» j. Clearly, <+ is an equivalence

n > 1. Then we write ¢ — 7. If p

relation on the state space E. A state 7 is said to be absorbing if p;; = 1.

Definition 7.2 A Markov chain s said to be irreducible if every
two of its states communicate.

Notice that a Markov chain is irreducible iff the state space E is the only
one equivalence class of the relation <.

Definition 7.3 The period Per(i) of a state i is the greatest com-
mon divisor of all n > 1 such that p(m > 0. ]fpl(-f) =0 foralln >1,

we say that Per(i) is undefined. The state i is called aperiodic if
Per(i) = 1.
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Notice that if i <> 7 then Per(i) = Per(j).

11
Example 7.3 Given a transition matric P = [8 ﬂ The correspondent Markov chain is not irreducible,

0 1
states 1 and 2 are aperiodic, but only state 2 is absorbing. [

1
since 2 - 1. Indeed, P™ = pP" = [2" gn] for every m, and hence pgll) = [P™]a1 = 0 for all n. Both

Example 7.4 Given a transition matric P =

since i <> j for every i and j. Moreover, Per(i)

Denote

o P(X, =i X ik =1,2,...,n— 1]| Xy = i)

]

and .
=8
n=1

Thus, the number f* is the probability of the event that the process

ii
starting from state v would return to i in a finite time.

Definition 7.4 A state i is called recurrent if f5 =1 (in other
words, if starting from i, eventual return to i is certain). A state i
is called transient if % < 1.

i
In Example 7.4 all states are recurrent.

) _

Theorem 7.1 A state i is recurrent if and only if >~ | pz(? = 00.

Proof: To be included later.

As an application of Theorem 7.1, one may easily obtain that in Example
7.3 the state 1 is transient and the state 2 is recurrent.
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7.5 Limiting behavior

Theorem 7.2 If a Markov chain with the transition matrix P is
wrreducible and every state 1s aperiodic, then there exists N € N such
that for every n > N, the matrix P" has no nonzero elements.

Proof: To be included later. B

Theorem 7.3 (A.A. Markov) Suppose that for some k all entries
of P* are nonzero. Then there are strictly positive numbers pi,pa, . . ., Pm
such that

n—oo’ Y

m
lim p” =p;, > pj=1.
j=1

in other words the sequence (P"™),, of n-step transition matrices entries-
wise converges to a matrix with constant nonzero columns.

Proof: To be included later. B

Definition 7.5 A probability distribution p of (X;)52 is called sta-

tionary if p=p- P.

It follows from Theorem 7.3 that if for some k all entries of P* are
nonzero then p := (p1,p2,...,Pm) is a stationary probability distribu-
tion of (X;)%2.

Definition 7.6 If for some k all entries of P* are nonzero, then the
Markov chain s said to be ergodic.

Example 7.5 If a student did not took a course last semester then he would take the course this semester
with probability 30%. If he took the course last semester then he would not take the course this semester
with probability 60%. Find the probability that the student take the course.

Consider a Markov chain with states: 1 that the student fails to pass a course this year and 2 that he

0.7 '3] is ergodic. Hence,

passes the course this year. The corresponding transition matriz P = {0 6 04

pr+p2=1, 0.7p1+0.6p2 =p1; = p1=2p2=1/3.
Therefore, the probability that the student the course is 1/3. O
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Theorem 7.2 and Theorem 7.3 imply that every irreducible Markov
chain, in which all states are aperiodic, has a strictly positive sta-
tronary distribution. Indead; it is true even more, namely.

Theorem 7.4 A Markov chain s ergodic if and only if it is irre-
ducible and all its states are apertodic.

Proof: To be included later. W

7.6 Exercises

Exercise 7.1 Given a Markov chain with the state space E = {1,2,3,4,5,6,7} and the transition matriz:

0100000
$ 200000
0003 3 00

P=10 000 3 3 0
0010000
0000O0O0°1
0 00 0 0 1 0

Draw the corresponding directed graph and

a) find an equivalence class of E consisting of intercommunicating recurrent states;
b) find an equivalence class of E consisting of intercommunicating transient states;
c) Find the period of each state in E;

d) Find a stationary probability distribution p'= (p1,p2,...,p7) for the Markov chain.

Solution:
%@ 3 1 4
o——————> 0
1 1
1
2
1 1 3 1
2 2
/\’
[ ] [ ] [ ] [ ]
1 5 6 T— 7

a) E; ={6,7} is a class consisting of intercommunicating recurrent states.
b) Ej = {3,4,5} is a class consisting of intercommunicating transient states.
c) Per(l) = Per(2) = 1.

Per(3) = Per(4) = Per(5) = 1.
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Per(6) = Per(7) = 2.

d) It can be done inside of any of our 3 classes. Let us do this in Ey = {6,7}, so p1 = p2 = p3 = ps =
ps = 0.

- o 0 1
p=p-p= (ps,p7) = (P6, D7) - 1 ol = (ps, p7) = (P7,P6) = P6 = D7-

7
Since 7 px = 1, we have 5= (0,0,0,0,0,3,3). O
k=1
a o 0
Exercise 7.2 Given P= |0 o of.
a 0 «

a) Find the value of o such that P is a transition matriz of a Markov chain (X,)52,.

b) Denote by {1,2,3} the state space of the Markov chain (X)), from a).
(i) Is the Markov chain (X)), ergodic?

(ii) Find the conditional probability of Xo = 3 given Xy = 1.

Solution:

a)

1
oz+oz:1:>oz:§.

b) (i)

a « a o 0 o 202 «
P =10 « 0 a al=1]a%2 o® 2a2
a 0 a 0 « 202 o? a2

0
o
o
(

P®) = P? hag all entries nonzero, hence (X,,), is ergodic.

b) (ii)
1
P(X2:3|X0:1):P1(32)) = [P2}13:a221' |:|

Exercise 7.3 Given a Markov chain with the state space E = {1,2,3,4,5,6,7} and the transition matriz:

0 1.0 0 0 00
1030000
000 3 3 00

P=10 000 3 % 0
0010000
00000 O0°1

00000 1 0

Draw the corresponding directed graph and then:

a) Find an equivalence class of E consisting of intercommunicating recurrent states.
b) Find two equivalence classes of E consisting of intercommunicating transient states.
c) Find the period of every state in E.

d) Find a stationary probability distribution p'= (p1,p2,...,p7) for the Markov chain.
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Solution:

2 3 4
[ J >0 >~ @
1 5 6 7

a) For example, C1 = {6, 7}.

b) For example, Cy = {1,2}, C5 = {3,4,5}.
c) Per(1) = Per(2) = 2.

Per(3) = Per(4) = Per(5) = 1.

Per(6) = Per(7) = 2.

d) C; = {6,7} is recurrent, so we may take a stationary state (pg, p7) of C1 which is (%, %) and complement
it by p1 =p2 =p3 =ps =p5 =0, that is p= (07070’0’0’ %’ %) 0

Exercise 7.4 A homogeneous Markov chain is given by the following directed graph:

[ J
DO —
@
=
Y
[ J

1 2 3
} 5 |o-i
1
ST O
6 15 7 4

a) Find values of a, B, and 7.

b) Write down the transition matriz of the Markov chain.

¢) Find P(X2018 = 3| X2015 = 1).

d) Find periods of all 6 states.

e) Find a stationary probability distribution of the Markov chain.

Solution:
a)
1 3 1 1 1 1 1
:1——:— = —_ —_ = :1————‘ :1——:—_[]
@ i—p P (a=7) 2 2 7 272
b)
0 2 0 0 3 0]
02 1000
00041 1o
_ 2 2
P‘ooo%%om
00 00 01
0 0 0 0 1 0]

N
e~



1
P(X2018:3’X2015:1):§O[7: 77777 :—l:l

d) Since for all n we have p&?) = pz(;:;) = 0, then Per(1) and Per(3) are undefined. Next, Per(2) = Per(4) =1
and Per(5) = Per(6) =2. O

e) C1 = {5,6} is an equivalence class with respect to <—, so we may take a stationary state (ps, pg) of
C4, that is (1/2,1/2), and complement it by p; = ps = p3 = ps = 0, obtaining

11
py=10,0,0,0,-,-).0
p <’)77252>

Exercise 7.5 Given a directed graph:

S

_ 1
@”11 3 2
Q/\.
\_1/4
1

1 1

4 2
1
=
4 3

a) Find the value of the parameter « for which the graph represents a Markov chain (X,)02, with the
state space E = {1,2,3,4}.

b Write the transition matriz P of the Markov chain (X,)22, from a).
¢ Find the periods of states 1, 2, 3 and 4.
d Find the conditional probability of Xop17 = 3 given Xop15 = 2.

Solution:
a)
P(X1=1[Xo=3) + PX1=2[Xo=3) + PX1=3X0=3) + P(X1=4X=3) =1
I | I

|
0 + 0 + o + 1/4 =1

Hence a +1/4 =1 and then o = 2. O
b)
P11 P12 P13 pi4 /2 1/4 0 1/4
p— |P2 P22 P23 Pau| _ /20 1/2 0 n
P31 P32 P33 P34 0 0 3/4 1/4|°
P41 P42 P43 P44 0 0 0 1
c)
Per(1) = Per(2) = Per(3) = Per(4) = 1.
[Per(2) = GCD{2,3,...} =1]. O
d)
P(X2017 = 3| X015 =2) = P(X2 =3|Xg =2) = p%) = [p’hs =
1 1 1 3 1 3 3
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Exercise 7.6 A Markov chain (X,,)52, with a state space E = {1,2,3} is given by the following directed
graph:

G’

a) Find the value of a.

b) Is the Markov chain ergodic? Explain

(2

¢) Calculate the 2-step transition matriz P ) and find the conditional probabilities of Xa01 = 1 given

ngg =2 and Of X2017 =3 given X2015 =1.

Solution:
a)
11—« 1 « 3 1 1
—_— =1 = 2 ———=1= —a=- = a=;:.0
o+ 5 + o o+ 57 % 2& 5 a 3
b) There is no pass from 1 to 2. Hence pgll) =0foralln>1.
Therefore the Markov chain is not ergodic. [
c)
5 4 5
1/3 1/3 1/3 i€ 9 18
P={0 1 0| PP=P=|0 1 0
5 1 5
1/2 0 1/2 5 5 1

P(Xg01 = 1| X399 = 2) = P(X5 = 1| X0 = 2) = pi) = 0.

5
P(Xa017 = 3| Xog1s = 1) = P(Xy = 3| Xo = 1) = p{J) = 50
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8 Appendix
8.1 Njp;-distribution

Since pyy,(t) is even, then Fiy (—r) =1 — Fy ,(r) for every r € R.
So, we only include dates F NO,l(T) for r > 0.

7



k- Ar 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.
0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5
0.1 0.5398  0.5438 0.5478  0.5517  0.5557 0.5596 0.5636  0.5675 0.5714 0.5
0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026  0.6064 0.6103 0.6
0.3 0.6179  0.6217  0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6
0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6
0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123  0.7157 0.7190 0.7
0.6 0.7257 0.7291  0.7324  0.7357 0.7389 0.7422 0.7454 0.748 0.7517 0.7
0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7
0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8
0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8
1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8
1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 08770 0.8790 0.8810 0.8
1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980  0.8997 0.9
1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 09131 0.9147 09162 0.9
1.4 0.9192 09207 0.9222 0.9236 09251 0.9265 0.9279 0.9292 0.9306 0.9
1.5 0.9332 09345 0.9357 0.9370 09382 0.9394 0.9406 0.9418 0.9429 0.9
1.6 0.9452 09463 09474 0.9484 0.9495 0.9505 09515 0.9525 0.9535 0.9
1.7 0.9554 09564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9
1.8 0.9641 09649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9
1.9 09713 09719 09726 0.9732 09738 0.9744 0.9750 09756 0.9761 0.9
2.0 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9
2.1 0.9821 09826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9
2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 09881 0.9884 0.9887 0.9
2.3 0.9893 09896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9
24 0.9918 0.9920 0.9922 0.9925 09927 0.9929 0.9931 09932 0.9934 0.9
2.5 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9
2.6 0.9953 0.9955 0.9956  0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9
2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 09971 0.9972 0.9973 0.9
2.8 0.9974 09975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979  0.9980 0.9
2.9 0.9981 09982  0.9982 0.9983 09984 0.9984 0.9985 0.9985 0.9986 0.9
3.0 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9
3.1 0.9990 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9
3.2 0.9993 0.9993 0.9994 0.9994 0.9994 0.9994 09994 0.9995 0.9995 0.9
3.3 0.9995 0.9995 0.9995 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.9
3.4 0.9997  0.9997 0.9997  0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9
3.5 0.9998 0.9998  0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9
3.6 0.9998  0.9998 0.9999  0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9
3.7 0.9999  0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9
3.8 0.9999  0.9999  0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9
3.9 1.0000  1.0000  1.0000  1.0000 1.0000  1.0000 1.0000  1.0000 1.0000 1.0
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