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Introduction 

Let NTn(K)  be the ring of all (lower niltriangular) n x n matrices over an 
associative ring Ii with zeros on and above the main diagonal. Let M,(J) be 

the ring of all n x n matrices over an ideal J of K .  In this paper we investigate 
ideals and structural connections of the ring N T n ( K )  + M n ( J ) ,  which is denoted 

by R,,(K. J) .  

It .  was shown i n  [i] that for 12 = ArTn(K) and Ii' = K2 the class S2c(R) of 

all normal subgroups of the adjoint group of the ring R coincides with the class 

'This research of both authors are supported by TIJBITAK 
The  second author is partially supported by Russian fund of fundamental researches. He 

thanks also to Hacettepe University for the hospitality during the preparation of this article. 

Copyright O 2000 by Marcel Dekker, Inc  



D
ow

nl
oa

de
d 

B
y:

 [A
N

K
O

S
 2

00
7 

O
R

D
E

R
 C

on
so

rti
um

] A
t: 

10
:0

0 
2 

Ja
nu

ar
y 

20
08

 3504 KUZUCUOC~LU AND LEVCHUK 

RL(K) of all ideals of associated Lie ring. The question about characterization of 
all associative radical rings R satisfying RL(R) = Rc(R) (see [5, question 10.191) 
is still open. It is clear that if  J is a quasi-regular ideal, then R,(K, J )  is a radical 

(. lacol)so~~) ring. If the quasi-regular ideal J contains an element x satisfying 

: r2  # O 3  t lien E x a ~ ~ ~ p l e  1.1 below shows that there exists a normal subgroup of the 

adjoint group which is not an ideal of the groupoid (R,(K,J) ,*)  with respect t o  
associated Lie multiplication a */3 = cr/3 - pa. On the other hand we show in 

Section 1 that Example 1.1 gives also a new counterexample to  the question in [7, 
Itemark 11 and [4, question 6.191. The first counterexample t o  this question was 

constructed by E.I. Khukhro [cf. comments to the question 6.19 in [.4]). 

Not,ice that all ideals of ar~y radical ring ll are placed in the intersection RG(R)n 
121,(1?).  I t .  Dubis11 and S. Prrlis [ I ,  ' ~ I I I I I .  91 gave a ur~iform construct,ion of all 

id (~ i l l~  01' t h c  a1gcl)l.a !V?;,(l<.) ovcr a field Ii.. Sirnilar construction of ideals of 
t.hc ritlg iVY',(Ii.)(= ll ,(Ii ,O)) over a division ring Ii has been found i n  (V.  M. 
1,evchuk [ i ,  sect. 21). It is impossible to give a similar descript,ion of the ideals of 

A'7:,(1<) for the case I< = Z (see [ 7 ] ) .  

The aim of Section 2 is to  get a description of all ideals of R,(I<., J )  in an 

efT(frtive way within t h ~  line pointed in [ l ]  and 171. I n  this section we assume 

that K is a c o ~ ~ ~ m u t a t i v e  ring wit11 identity. Our main Theorem 2.2 describes all 

ideals of R,(K, J )  when J is a strongly maximal ideal of I< (Definition 2.1), in 
particular, when K = Z or I< = Z,, m > 1 and J is a maximal ideal of IC. This 

descript,ion is similar to  the ones in [I], [7] and coincides with them, if Ii is a field 
and J = 0. At  the end of Sectior~ 2 we give an example of a rnaxirnal ideal which 
is not strongly maximal. 

I n  Sect,ion 3 we describe all maximal abelian ideals of the ring R,(IC, J )  when 

I< = Z p r n  and J is the strongly maximal ideal (p).  Theorem 3.1 shows that  if m 
is even, then h l n ( J m 1 7  is a unique maximal abelian'ideal of fEn(li, J ) .  But if m 
is an odd integer, then the ring R,(K, J )  has precisely (n  - 2 ) p  + 1 of maximal 

abelian ideals. In proof of Theorem 3.1 we also use the known description of 
maximal abelian ideals of the ring NTn(F) over a field F (see [7]). 

We denote by eij, matrices unit and by nk,, thecanonical projection on Mn(IC) 

see [2]. Thus, nkm(eij) = 1 if (k, m) = (i, j) and ?rk,(ei,) = 0 if (k, m) # (i, j )  . 
$1. Structural connections of associated Lie ring 
and adjoint group 

Recall that an ideal H of the associative ring R is called quasi-regular, if H is 
a group with respect to the adjoint multiplication a o b = a + b + ab, cf [2]. A ring 
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 IDEALS OF SOME MATRIX RlNGS 3505 

R is called a radical (Jacobson) ring, if ( R ,  o) is a group (adjoint group), that  is, 
for each element a E R there exists an element a' 6 R such that  a o a' = a'o a = 0. 

If a is a nilpotent element, then a' = -a  + a2 - a3 + . . .. On the other hand, every 
associative ring H is also associated Lie ring (R,  +, *), where * is the associated 
1,ie ~rlrrltiplicat,ion a * 6 = a6 - ba. It is clear that each ideal of the radical ring is 
a normal subgroup of the adjoint group and an ideal of the associated Lie ring, 

sirnultarleously. The following question is still open: 

Characterize radical rings I< such that the class RL(R) of all ideals of associated 

Lie ring coincides with the class RG(R) of all normal subgroups of the adjoint 

gr0111) [Fj, quest,io~l IO.l9]. 

Oilier r t l a t i o ~ ~ s  betnecn the adjoint group of a radical ring and t,he associated 
I.iv 1i11g \ Y ~ I . ( >  il~\.(lstigitt(d by !\.I. I\IaI'ccv [!I] and S.X. Jenr!ings [3]. 

c5.e car1 say that the ring R,( l i ,  J )  = NT,(Ii) + h I , ( J )  is radical if and only 

if  .I is a quasi-regular ideal of the associative ring K .  It was shown in [7] that 

OL(l\ ' l; ,(K)) = C2G(N7,(I<)), if the ring K is generated by the set {xy I x ,  y 6 

K},  i.r, K = I<'. It does not hold when K = 2 2 ,  I L  > 5 .  Examples of non- 
nilpotent radical rings R with the equality RL(R)  = RG(R) was constructed in 

[8]. On the other hand, we have 

Example 1.1: Let J be a quasi-regular ideal of an associative commutative 

ring I< with identity and R = R n ( K ,  J ) .  Let e be an identity n x n matrix. The 

following map rr . a + e + o ( a  E R)  is a monomorphism between the adjoint 
group of the ling R and GL,(K).  Assurne H = rr-'(rr(R) n S L , ( K ) ) .  It is clrar 
that H iq a normal subgroup of the adjoint group of'R. If sell + bezz E H, then 
1 = ( l i a j ( l + b )  = l + a o b a n d  b = a t .  T h u s n ( e l l - q 2 )  =ae12*e21 E H ( a €  J) 
holds only when n' = -a and hence n2 = 0 Therefore, if the ideal J contains an 

elerrlcnt x sat~sfying x 2  # 0, then the normal subgroup H of the adjoint group 

of the ring It  is not an ideal of the associated Lie ring and moreover it is not an 
ideal of the groupoid (R ,  *) 

It was showr~ i n  [7, Lerrrnra 2.31 t,hat for arbitrary subgroup H of the adjoint 

group of' the rirtg 1I = iY2;,(l<) over any associative ring I< the following two 

cor~ditions are equivalent: 

(i) E l  is a normal subgroup of adjoint group (R,  o) ;  



D
ow

nl
oa

de
d 

B
y:

 [A
N

K
O

S
 2

00
7 

O
R

D
E

R
 C

on
so

rti
um

] A
t: 

10
:0

0 
2 

Ja
nu

ar
y 

20
08

 3506 KUZUCUOGLU AND LEVCHUK 

(ii) I1 is an ideal of the groupoid (R,  *). 

In  [7, Remark 11 and in [4, question 6.191 it was asked whether the above 
conditions (i)  and (ii) are equivalent for any subgroup H of the adjoint group of 
any nilpotent associative ring R. 

It was shown that this question has a negative answer in general case. E.I. 

Khukhro (cf. comments to the question 6.19 in [4]) gave the first counterexample 
in the case of R to be a free nilpotent algebra of nilpotency class 3 over the field 
G F ( 2 )  generated by two elements, see also [ 6 ] .  Example 1.1 shows that for rings 
lI,,(I<, . I )  with J f 0 the answer to the question is usually negative. 

52. The construction of ideals 

'l'hr.o~~glrout this section K will denote a corrlnlutative (associative) ring with 

idontil.,v and ,I will be an iti~id of I<. First we will distinguish some special ideals 
01' 111e ring H,, (K,  J ) .  Consider. hllowirlg ordered sets of matrices positions 

1Ve refer to C as a "set of corners" of degree n (compare with [ l ,  Sect. 71, [7, 
Sect. 21). We also allow the possibility that L' = 4. Choose a J-submodule T of 

I< .  We now consider all J-submodules A of the ring R,(I<, J )  with the following 
conditions (i)-(iv): 

(i) There exist sets C and C' defined by (1) and (2) such that 

J B  c A c B, where B = TeiJ + (JT)ek,; 
( 2 , ~ ) E c  (k,m)EL1 

(ii) If  J T  = JTJ  then L' = 4 and also C = ((1, n)) when J T  = T; 

(iii) The ideal of I< generated by r t j (A)  is equal to T if (n ,  1) # (i ,  j )  E C and 

?r,l(A) = T I  if L = {(n, 1)); 

(iv) r k , ( A )  generates the ideal J T  for all ( k ,  m) E L'. 

We call every J-submodule A with (i)-(iv) a T-boundary in R,(K, J ) .  Notice 
that we can determine a T-boundary A = A(T; L ,  C') with L = {(n, 1)) for any 
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 IDEALS OF SOME MATFUX RINGS 3507 

J-subrnodnle ?' of I<. If C # { ( n ,  I ) }  then I' is an ideal of K .  It is clear that  

either T c J or i > j for all ( i ,  j )  E C because A C R,(K,  J). 

LVc! [low c1escril)e the itlcal of Il ,(K, J )  which is generated by any 1'-boundary 

A ,  Regard the n x 72. matrix as a square array of n2 points ( i ,  j )  (matrix position). 

Consider the following partial ordering: (i .  j )  < (k ,  m) (or (k ,  m) > ( i ,  j ) ) ,  if 
i 5 k ,  m 5 j and ( i ,  j) # ( k ,  7n). For any additive subgroup L of K we denote 

by hl,,(L) (resp. by Q t I ( L ) )  the additive group generated by sets Lek, for all 

( k ,  rn) 2 (i, j )  (resp. ( k ,  m )  > ( 2 ,  j ) ) .  It can be easily shown tha t  t,he ideal of the  

riug 11,(1<, J )  generated by any T-boundary A = A(T;  C,  C') is equal t o  

I (A)  = A + C Q,,(T) + N,,,(T'J) + N I , ~ ( J T ) +  
(w)EC 

+hf7,(JTJ) + Ok,(JT). ( 3 )  
(k ,m)~C'  

Noiv we shall show tha t  in ccrtain cases all ideals of the  ring R,(K,  J )  are 

ideals [ (A).  

Definition 2.1: An ideal J of a ring Ii is called a strongly maximal ideal if 

for any J-subrnodule L of K every ideal of Ii which is between a J-subrnodule 

L and J L ,  is equal t o  L or J L .  
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Let J be a strongly maximal ideal of a ring I(. 

Theorem 2.2: If H is any ideal of the ring R n ( K ,  J ) ,  n > 2, then there exists 
a ~ ~ n i q u e  K,,~ (H)-boundary A in Rn(K,  J )  such that H = I(A).  

We now require following lemmas. 

Lemma 2.3: Let J be an arbitrary ideal of I( and let If be an ideal of the 

ring R n ( K ,  J )  and H,, = A,,(H). Then JH,, C H,, n HUj for all i, j, U,  v, and 

J Z T  C Hu, C fi H,, C Hij c T for all (u,  V)  < (i, j), (4) 

where T = H n I .  In particular, all projections H,, are J-submodules of IC and 

Proof: Nol.icc: that. \.he ~)rotluct of ~r~atriccs e k ; c r  ciJ,il have nonzero cr~trics or~ly 

i n  k-th row which is equal to i-th row of a. Using the inclusion (#emi)H C N 
it follows K H j j  C H,nj for m > i. Similarly, we have KH,, C H,; for m > i .  
Combining these inclusions we get IiH,, C H , j  c T for all (u, u )  < (i, j )  and 
hence Ii C 121,,(2'). The ideal If contains a set .I (ei,N + Hevj)  and hence 

.IN,,, C I / , ,  n I f l L j .  Since the additive group of M,(J2T) is generated by its 
elementary matrices and 

we derive M n ( J 2 T )  C H and (4) which conclude the proof. 

Let C ( H )  be the set of all minimal (with respect to the relation <) matrices 
positions (i, j) such that N,, generates an ideal of Ii which contains 1' = H,,. It 

is clear that the set C ( H )  is defined uniquely for H .  

Lemma 2.4: Keeping notation of Lemma 2.3 the following hold: 

(i) The set t = L ( H )  is a set of corners which is defined by (1); 

(ii) Hi, n Hlj 3 J T  and Hk, = T for all (i, j )  E C and (k,  m) > (i, j ) ;  

(iii) The J-submodule T is an ideal of K when C # {(n, 1)). 

Proof: Since T = fI,l C K T ,  the set C ( N )  is non-empty. Suppose that 
(i, 3 )  E L ( H ) .  Taking into account (4) and the inclusion T C IC H;j, we obtain 

KH,, = Hkm = T for all (k, m) > (i, j). 
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 IDEALS OF SOME MATRlX RlNGS 3509 

Therefore the set L = L(H)  is a set of corners as in (1). Also, if C # {(n, I)},  
then T is an ideal of I<. Using Lernma 2.3 and the equality Hnl = T we obtain 
II,, n HIJ 3 J H,, = JIr' Hij  = J T  for all (i,  j) E L and our lemma is proved. 

Proof of Theorem 2.2: Suppose that H,, = x,,(H), T = Hnl and I: = 
L(N) .  If C = {( l , n )} ,  in particular when T = J T ,  then we have H = Hlneln + 
Q1,(T) since 

Therefore, in this case Hlnel, is a unique T-boundary A such that H = I(A). 
Assume that L # f (1 ,n ) ) .  Then we have T # J T .  Choose an arbitrary matrix 
positio~~ (.s, t )  which is placed in the set 

It is (.IcHI. that (s, t )  2 (1, j,) or (s, t) > ( i l ,  n). Hence T 3 K Hst 2 Hst 2 J T  by 
(4) and by Lernma 2.4 (ii). By definition of L(H)  the J-submodule HSt generates 

the ideal of I( which does not contain T. Now, assume that J is a strongly 
maximal ideal of Ir'. Then we conclude KHst = J T  = HSt. 

Let (k ,m)  be an arbitrary matrix position which is placed above staircase 
L ( H ) .  Then there exists a matrix position ( s , t )  2 ( k ,  m) which is in the set (7). 

Therefore J T =  Hsl 2 It7 Hkm 3 Hkm > J ( J T )  by (4). This implies that either 
the set Hkrn generates the ideal J T  or Hkm = J 2 T .  Notice that if (k, m) > ( i l l  n) 
or (k ,m)  2 (1, j,), then Hkm 2 J T  by Lemma 2.4 ( i i )  and (4) .  

If J T  # J 2 T  we define L1(H) to be the set of all minimal matrices positions 

( k ,  m) such that 1 5 k < i l ,  j, < m 5 n and that the J-submodule Hk, generates 
the ideal J T .  If J T  = J 2 T  then L1 = 4. Thus, for H the set C1(H) is defined 
uniquely and L1 = L1(H) is a set (2).  

Suppose that ( i , j )  E L. Then JH,, = JKH;, = JT  and hence 

Taking into account (6) we obtain Nl j (JT)  C H and similarly, Nin(JT) C H .  
Therefore Ni,,(Jl7) + NIJT ( JT)  + Mn(J2'1') c l i .  Using (6) it is easy to show 
that 

Qij(T') + Qkm(JT) C H for all (i, j) E C and (k ,  m) E C'. 

We choose the set A of all matrices a = I /  a,, H with a,, = 0 if ( u , v )  @ 
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 3510 KUZUCUO~LU AND LEVCHUK 

C u C'. It is clear t ha t  the  set A = A(T;  C, C') is a J-submodule of R,(Ii', J )  with 
conditions (i)-(iv). Therefore, the  set  A  is a T-boundary and N = [ ( A ) .  Finally, 

T-boundary A is defined uniquely for H. This completes the  proof. 

Thus ,  Theorem 2.2 describes all ideals of the ring R,(lr', J )  when J is a strongly 

maximal ideal of K.  The  next proposition indicates examples of such ideals. 

Proposition 2.5: The  zero ideal of any field and every maximal ideal of the 

rings Z and Z,, m > 1, are strongly maximal ideals. , 

Proof: Straightforward 

Obscrvc t,hat the  case J = O of Theorem 2.2 givcs well known de~cr ipt~ion of 

ideals of the ring or algebra N T , ( K )  over a field K (see [I, T h m .  91 and [7, Sect. 

21). 

It is c lwr  that  any strongly ulaxirnal ideal of a ring K ,  which is not equal t o  

I<,  is rnaxirnal. \'Ve conclude t,his section with an  example. 

Example 2.6: Consider the ring K = Z [ x ]  of polynomials in one indeter- 

minate x over Z .  T h e  ideal J = pZ + XI< for an  arbitrary prime p is maximal 
and 

J s  = p S ~ + p S - l x ~ +  ~ . ~ + p x S - l ~ + x s l ~ .  

Let ?' = JS and s > 1. T h e  quotient-ring TIJT is a ring with zero multiplication 

and with elementary abelian additive group of order p S t l .  Thus  between T and 

57' we can find chains of ideals of K with arbitrary finite length varying s suitably. 
Hence, the ideal J  of li is not strongly maximal. 

$3. Abelian ideals of R,,(Ii, J )  

In this section we apply Theorem 2.2 in order to  describe maximal abelian 
ideals of the  ring R , ( I i ,  J )  when I( = Z , m  and J  = + ( p ) .  I t  is convenient now t o  
assume tha t  always J O  = I ( .  

Theorem 3.1: Suppose that  K = Z p m  and ,I = ( p ) .  If m is even, then 
M,,(J'"~? is unique maximal abelian ideal of the ring R,( I ( ,  J ) ,  n > 2. If m = 
2s + 1 is an odd integer, then the ring R,(Ii', J )  has ( n  - 2 ) p +  1 maximal abelian 
ideals which have the form: 

J s e  + N z l ( J S )  + M ~ ( J ' + ' )  if n = 2  and s > 0; 
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 IDEALS OF SOME MATRIX RINGS 3511 

Proof: Let E l  be an arbitrary maximal abelian ideal of R,(Ii, . J )  and 

7' = r n I  ( H ) .  Since 

we obtain r n l ( H + ( J e I , N ) )  = .rrnl(H(JeI,)H) = T J T .  However, H*(JelnH) = 0 

since I3 is an abelidn ideal. Hence T'J  = 0. Taking into account inclusions ( 5 )  
we obtain 11.\l,(J?') = ALfrl(JT)If = 0 and 

since I I  is a rnaxirrial abelian ideal. 

Now uze find centralizer C(Af, ,(T)) of M n ( T )  in the ring R,(K, J ) .  Let AnnliT 
bc the, i~nnil~ilat.or of ?' i n  h', and n = I /  a,, R n ( K , J )  l 'hen u is i n  the 

cel~tralizer C(Y'ekm) of  i l ' ~ ~ , ~ ~  in I1,(K. J )  i f  and only if u k k  = umm mod ( A n n ~ i T )  
i111d all ot hcr c~le111cnts of k-th colurri~~ a ~ ~ d  rn-th row of cr are contained in ilnn~;?'. 
'1'11c~rc~fo1.r~ 

C(,ZI,,('f')) = ,Je + .\iln(,,lnraIiT) n R,,(K, J )  

\vlic>re e is the identity matrix. I t  is clear that M,(T) is an abelian ideal if and 

only if 1" = 0. If AnnliT = T c J then the ideal M,,(T) of R n ( K ,  J )  is maximal 

abeliar~ because any ideal of the ring R, (K,J )  which is between Mn(T)  and 

J e  + Mn ( T )  (= C ( M , ( T ) ) )  is equal to M,, (T). 

Each ideal of our ring K is equal to  J t  for some t ,  0 5 t < m ,  and AnnliJt = 
,/ 1 1 ~  - t , 11 follows that if m is even then I M , , ( J ~ / ~ )  is a maximal abelian ideal of 

11,,(K, J ) .  Suppose that  T = .IS. Then we have JZS+' = JT2  = 0 and hence 

2s + 1 2 m. If d is t,he integer part of ( m  + 1) /2  then M n ( J d )  C M,(JT) or 

H c M7,(T) c i ~ f , ( ~ ~ ) .  Since M , ( J ~ )  is an abelian ideal we have H 3 M , ( J ~ )  
and so (m-1) /2  5 s < d. When m is even weobtain d = m/2  and H = M , ( J ~ / ' ) .  

Assume that m is an odd integer. Then we have m = 2 s t l  and T = J S ,  JS+' = 

JT = AnnIiT. Whrn s = 0 the conclusion of our theorem holds by [7, Thm 3 1. 
Let s be a positive integer. By 2.2 and by ( 8 )  there exists a set of corners L as in 

(1) such that 

H = A + C Qtj (T)  i Mn(JT)  
(',3)EC 

where A C C(i,3,EC Tet3.  It is not diffucult to  show that 
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Suppose that (i, j) E C and i 5 j .  If i < n then N,+li(T) C H and so 

IIence i = j and n = 2. For j > 1 we obtain the same result. Clear that 

Te f Nzl (T)  + M2(J11) for T = JS is a maximal abelian ideal of Rz(li', J ) .  As 
above all ideals N,+li(T) + M n ( J T )  are maximal abelian in the ring R n ( l i ,  J )  for 
n > 2. 

We now consider the case when Nit l i (T)  $ H for all ' i .  It is clear that H C 
Nl',(T) + M n ( J l ' )  and if ( i l ,  jl), (i,, j,) E C as in (1) then 1 < i l  5 j, < n. 
Suppose, if possible, that xe,l E N for some il 5 i and x E ( T  - (JT)) .  Then we 

have 11 C C(xeil) and so x,,(Il) C Annlix = J T  for all U .  Consequently i l  = j, 
and if i = il then H n (Tei l )  = JTe i l  and I f  n (?'en;) = JTeni .  Therefore H is 

placed in the abclian ideal T(e,l  t- cent) + N i + ~ i - l ( T )  + M,(52') for some c E li 
such that 'I'c = T .  Clcar t h i ~ t  we can c110ose c such t.hat 1 5 c < p. 

1:in;tlly note that the number of all rnaxi~rlal abelian ideals in the ring R,,(K, J )  
for odd 111 is equal to (11 - 1) + (n  - 2) (p - 1) = (n  - 2 ) p  + 1. Theorem 3.1 is 
I)I.ov(YI . 
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