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Gupta and Shabbir [2] have suggested an alternative form of ratio-type estimators for estimating the
population mean. In this paper, we obtained a corrected version for the mean square error (MSE) of the
Gupta—Shabbir estimator, up to first order of approximation, and the optimum case is discussed. We expand
this estimator to the stratified random sampling and propose general classes for combined and separate
estimators. Also an empirical study is carried out to show the properties of the proposed estimators.

Keywords: ratio estimator; auxiliary information; mean square error; efficiency; stratified random
sampling
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1. Introduction

A ratio estimator is commonly used when the study variable Y is highly correlated with the
auxiliary variable X. When the population mean X of the auxiliary variable is known, a number
of modified versions of ratio estimators have been suggested by various authors. Further, many
authors used some population parameters of the auxiliary variable to improve the precision of
ratio estimators such as Sisodia and Dwivedi [11], Upadhyaya and Singh [13], Singh and Tailor
[7] and others. Gupta and Shabbir [2] have suggested a general class of ratio estimators when the
population parameters of the auxiliary variable are known. In addition to these studies, Kadilar
and Cingi [3], Shabbir and Gupta [6], Singh et al. [8], Singh and Vishwakarma [10], Koyuncu
and Kadilar [5] extended the estimators suggested in a simple random sampling to the stratified
random sampling. In this study, we derive the correct expression of the MSE in Gupta and Shabbir
[2] and suggest similar estimators in the stratified random sampling.
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Consider a finite population of size N from which a sample s of size n is drawn according to
the simple random sampling without replacement. Let y; and x; be the values of the study and the
auxiliary variables on the ith unit i =1, 2, ..., N). Further, let y and x be the sample means of
the study and auxiliary variables, respectively.

To obtain the bias and MSE, let us define §, = (y — ¥)/Y and 8, = (¥ — X)/X. Using these
notations, we have

E@,) =E@®,) =0, E@®)) =yC:, E@)=yC: E(,8)=yCy=ypCyCs,

where
Cc? — S_\z 2 _ S_)% C.. — Syx §2 — Zthl (i =Y §2 — ZlN=1 (xi — X)?
y ?2 ki X XZ k y_x YX 9 y N _ 1 9 X N _ 1 b
N - -
Vi —Y) (=Y N —
Sye = Lo —N&=V) y = "
N-1 Nn

2. Estimatorsin the simple random sampling

For estimating the population mean Y, a regression type estimator can be given in the following
way when w; and w, are constants that have no restriction:

Yo = w1y +wz (X —X). (1)
The bias and MSE of the estimator in Equation (1) are respectively given by

B (3p0) = w1 —17Y, )
MSE ()7,,(0)) =(w; — 127>+ wff’zyC§ + w%)_(zny — 2w1w2ﬁyny. ?3)

Optimum values of w; and w, are, respectively, given by

* C)g * ?C."X (4)
wy; = , Wy = —= = .
TCEHyCCE-yClT T XCE (149 CE) - Xy CE,
Substituting these optimum values in Equation (3), the minimum MSE of y, o, is given by
_ _. y(C? (1—,02) MSE (y
MSE (yp(O))min — Y2 y ( fEQ) (5)

1+yC?(L—p?) 1+ (MSE (Greg)/¥?)

When w; and w; are any constants and » and A are either constants or functions of known
parameters, the ratio type estimator suggested by Gupta and Shabbir [2] is given by

n?_(+>»>. ©)

Vp = [w1y + wa(X — X)] <77i Y

It is worth mentioning that when values of wy, w,, n and A are conveniently chosen, many
common estimators can be obtained such as the classical ratio estimator yg, the regression type
estimator y,(), the estimators suggested by Singh and Tailor [7], Sisodia and Dwivedi [11],
Upadhyaya and Singh [13] etc. In addition to these estimators, some new estimators, which are
also generated from Equation (6), are given in the Table 1.
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Expressing Equation (6) in terms of §;, we have
¥p = [wi¥ +wi¥8, —wpX8,] (L+18)7", ©)

where © = nX/(nX + ). We expand the terms of Equation (7) up to the first order of
approximation and we have

B(5,) = w1 — DY +y [w¥ (£2C2 - 1Cyy) + wpXtC?], ©))
MSE ()7,,) = (w1 — 1)2 Y2+ w%?zy (C‘2 —41Cyy + 3r2Cf) + w%)_('zny
— 2wy Y%y (rsz —1Cy) — 2Y Xwyty C? — 2Y Xwywyy (Cyx — ZTCf) 9

and optimum values of w; and w, are, respectively, found as

*
wy

B 1— y12C? Y (1—y72C?) (Cyx — 21C?)
C 14+yC2—yp?C? —yr2CY “x\° C2+yC2C2 —yC2, —y12CH)"
(10)
Substituting these optimum values in Equation (9), the minimum MSE of y, can be written as
follows:
_ 1— C?%t%y) MSE (¥
MSE (yp)min = ( 2.2 aad (— ) v2)° (11)
(1—CZr?y) + (MSE (Sieg) /Y?)

From Equation (11), itis clear that the values of » and A affect the minimum MSE of y,,. Note that
the optimum choice of the constants w; and w-, involves unknown parameters. These quantities can
be guessed quite accurately through a pilot sample survey or sample data or experience gathered
in due course of time.

3. Efficiency comparisonsin the smplerandom sampling

In this section, we will compare the Gupta and Shabbir [2] estimator with the classical estimators
by using the corrected MSE in Equation (11).

MSE (yﬂ(o))min — MSE (yp)min >0,

! - (- Ciry) > 0. (12)
Y2 4+ MSE (Greg) (1 — y72C2) Y2 4+ MSE (Fireq)

If the condition (12) is satisfied, y, is more efficient than y, o).

MSE (5eg) —~ MSE (5,)
(L—y7’C?)

(1 —y12C2) + (MSE (Jreg)/Y?)

If the condition (13) is satisfied, y, is more efficient than ye,. Note that y, () is a member of y,,,
and condition (13) is always satisfied for y,). So we can say that this estimator is always more
efficient than yreg.

>0,

min

1— > 0. (13)

4. Estimatorsin the stratified random sampling
4.1 Notations

Let the population of size N be stratified into L strata with Ath stratum containing N, units, where
h=1,2,...,Lsuchthat Y;_, Nj, = N. A simple random sample of size n,, is drawn without
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replacement from the Ath stratum such that Z,f:l n, = n. Let (yu;, xp;) denote the observed
values of Y and X on the ith unit of the Ath stratum, wherei =1,2,...,Nyandh =1,2,...,L
Moreover, assume that 7, = Y7 vii/nn, Vs = Y or—y Widn, and ¥y = SN Vi /Ny, ¥ =
Z,L,:l W, Y, be the sample and population means of Y, respectively, where W, = N, /N is the
stratum weight. Similar expressions for X can also be defined.

4.2 General classof estimators

Following Srivastava [12], a general combined class in the stratified random sampling is defined by

I.=g (yst’ ust) ’ (14)

where uy, = X, /X, and g (¥, us;) is a function of y,, and u,,. To study the properties of 7., we
assume following regularity conditions:

(1) The point (y,,, u,,) assumes the value in a closed convex subset R, of a two-dimensional real
space containing the point (Y, 1),

(2) The function g(¥yy;, uy,) is continuous and bounded in R5,

(3) g(¥Y,1) =Y and go(Y, 1) = 1, where go(Y, 1) denotes the first-order partial derivative of g
with respect to y,,,

(4) The first- and second-order partial derivatives of g(j,,, us) exist and are continuous and
bounded in R5.

Expanding g (¥s:, u,,) about the point (¥, 1) in a second-order Taylor series and using the above
regularity conditions, we have

- - = - =\ 2
Ie = Yt + (ust - 1) 81 + (uxt - 1)2 82 + (yxt - Y) (ust - 1) 83 + (yxt - Y) 84, (15)

where
dg L % i
81 = Ot g ;_W:?.u,,=1’ 2= 2 8u3t For= YuA,,1’ = 2 Y5 Ot Srsr=?’”r’=1’
1 0%
8= 202 Fu=T 1y =1

To obtain the bias and the MSE, let us define & = (J,, — ¥)/¥ and & = (%, — X)/X. Using
these notations,

E(§0) = E(61) =0,

L _
V., = Z Wi E[(Xh — Xn) Gn — Yi)* J (16)

=1 Xr YS

From Equation (16), we can write

Y1 WEnS?, S W2y S2
EE&}) = Ty =Voo. EE)= ]Thm = V20,
L 2
1 WEv Sy N, —n
Eogy) = 2=t W08 _y - gng o, o Moo

XY ' Nyny,
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The class of estimators 1., in terms of & and &;, can be written as,
te—Y = Yeo + e181 + e2g7 + Yeoe1g3 + Vel g, 17)
and the bias and the MSE of ¢, are, respectively, given by
B(t:) = V2082 + Y V183 + Y2 Vo 28, (18)
MSE(t) = Y*Vo, + V082 + 2Y Vi1 (19)

By using the optimal value of gi = —Y V1 1/ V5,0, the minimum MSE of the estimators in the class
t. is found as

MSE(t)min = Y2Voo | 1 — Vis (20)
¢)min 0,2 VZ,OVO,Z s

which is also the MSE of combined regression type estimators.
Similarly, for separate estimators we can define a general separate class in the stratified random
sampling as

L
ty = Z Wh[sh» (21)
h=1

where 1, = g, (¥n, uz). Here, uj, = 3,/ X, and g, (9, Uup) are_functions of yy and_uh. )
To obtain the bias and MSE, let us define &y, = (3, — Y»)/Y;, and &y, = (X, — X;)/X},. Using
these notations,

E(éon) = EGu) =0, EGE]) =wCi,.  EE5) =vCh.  EEmén) = vaCuyn

where

c? — S_sh 2 _ Sen _ S _ Sy (ni — Ya)?
W=y G=%p Omqyy = TER T
N 5 0 N = =
§2 _ Doy (xni — Xp) S D oics Oni = Yi) (xpi — i)

xh N,—1 N, —1

and applying the same procedure of the combined class of estimators by adapting the regularity
conditions for the Ath stratum, the bias and the MSE of estimators in the class ¢, are, respectively,
found as follows:

L
B(t) =) Wiy [C2g2n + YaCyungan + ¥ C2gu1], (22)
h=1
L
MSE (1) = > Wiy, [Y2C2%, + C2,83, + 2V Coyngun ) (23)
h=1
where
9gn 3%gn 1 9%,
glh = ) gZh =5 2 ) g3h =5 — )
dup n=Yy,u;=1 2 uy, Fn=Yn,up=1 2 dyndup n=Yy,u,=1
1 82gh
84h = 5 T3
2 i =Yy, ;=1
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By using the optimal value of gj, = —?nyh/th, the minimum MSE of the estimators in the
class ¢, is found as

L
MSE (t)min = Y WiAnSny (1 — ), (24)
h=1

which is also the MSE of the separate regression type estimator. Note that 7. and ¢, contain many
estimators in the literature such as Singh and Vishwakarma [9], Kaur [4] etc. We can claim that the
minimum MSE of any subclass of z. or #, cannot be reduced further than the regression estimator.

4.3 Moregeneral class of estimators

Letu = (ug, uo, ..., up),whereu; = éi(x,)/ei(x,)i =1, ..., passumevaluesinabounded closed,
convex subset R, of p-dimensional space containing the point ¢ = (1, 1,...1). Here é,»(m =
S Wibiay, Oisy = ks Wibian. Giany is any real numbers or the function of the known
parameters of the auxiliary variable X for Ath stratum and 6, is a consistent estimator of 6; .
To obtain the MSE equation, let us define E=u—¢e=[&,....§]

Using these notations,

E(6) = E(6) =0 wherei=1,2,....p.

E (Eog) =b = [Vico..o1 Voro..01 --- Vooo..11l,

Va0..00 Vito.00 -+ Vioo..10

) Vito..00 Voz0..00 ... Voio..10
E(gg)=a=] . . )

Vico..10 Vow..10 ... Vooo..20

L A ~ . o
ristotiro ELO1n) = O100)" B2y — O2)* - - (Opny — Op)' (G — Yi)"]
Vis,tv = E Wth +otit ) () (h) (h) p(Y)v p(h) .

r s t
h=1 91(51)92(31) te Gp(sz)

Now we suggest a more general class of estimators using more auxiliary information as

Iye = H()_/sts Z)v (25)

where H (3, u) isafunction of j,, andu;,i = 1, ..., p,suchthat H(Y, &) = ¥ and H is bounded
and continuous with bounded and continuous first- and second-order partial derivatives in R?*1,
This general class also contains the estimator suggested by Koyuncu and Kadilar [5].

Expanding H (¥, u) about the point (Y, ¢) in a second-order Taylor’s series and further
assuming 8 H /9y, | = 1, we obtain

V=Y. u=¢

te—Y =Y&+w—eHi+ w—e)Hu—¢) + Gy — Y)2Hs + Gor — V) — &) Ha,
(26)
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where
" OH " 1 3°H " 1 3°H
1= ) 2= 5 T ) 3 " _ )
= Oulyapu=e T 20wy 5. T 2 955 =Y u=¢
" 1 3%H
4= 7 -
2 9yeduly oy
and the MSE of ¢, is given by
MSE(t,c) = [V*Voo...02 + HyYAHy + 2V b Hy]. (27)
By using the optimal value of H,* = —Y A=/, the minimum MSE of the estimators in the class
1,0 1S found as
. bA~Y
MSE (tyc)min = ¥*Voo....0.2 |:1 - :j| . (28)
Vo0....0.2
Remark If we define one of the u; as
* L =
ag o= WaXnAn
A Yk W XA,
we can write V¥ instead of V,; ., in A matrix and b vector. Here
3 E[(Grny — Orw)” By — Ga)* - '_(é(p—l)(h)
—0p—1ym)' Gn — X)) G — Yn)?
V:‘y,m!t‘kyv — Z W}:+s+...+t+vA];l (Pr 1)(}’13) ( h l h) (Yh — _:’L) ]
el 160 %260 Op-vynAst ¥
For separate estimators, let us define wgy = (1), taenys - - - » Upay), WHere wigy = Oy /Oian)
i =1,..., p assume values in a bounded closed, convex subset R, of p-dimensional space

containing the pointg =(1,1,...1). Let é(h) =Up —&= L&y Eony v e e éphJ-

Using these notations,

E(&p) = EE) =0, where i=1,2,...,p,

EGon§ny) = by = [Vioo..oum Voto..oam --- Vooo..11am ],

Vaoo..oomy  Vito..0omy -+ Vioo..10m)

) Vito..0ony  Vooo..0omy ---  Voio..10m)
EC€uwsw) =Am =1 . : 3 Sk

Vico..10my  Vowo..10y ---  Vooo..20m)

where

E[G1ny — Ouw)” oy — O20)° -+ @iy — Opin)' G — Y1)

Vrs t,o(h) = =
[LPREPY K t
ef(h)gzg(h) T 917(]1)Y(1;1)
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A more general separate estimator is given by

L
ths = Z Wh[n(h)7 (29)
h=1
where hn) = H(h)()_’(h), u(h)), H(h) ()_I(h), u(h)) is a function of }_’(h) and Ui(h) i=1,..., D, such

that H,y(Y;, &) = Y, and Hy, is bounded and continuous with bounded and continuous first- and
second-order partial derivatives in R”+1. Expanding H, (3, ue)) about the point (¥, &) in a
second-order Taylor’s series and further assuming d H /9y, | =1, we obtain

Yn=Yn,um=¢

tay — Y = Ynon + (u@y — &) Hywy + (@) — &) Hogy () — &) + (n — Vi) 2 Hy

+ O — ?h)(M — &) Hupy, (30)
where
Hyy = 2l o PHw _ 1 32H(h>| ]
1(h) = du In=Ynum=¢e 2(h) = BM(/,)M(/,)’ In=Ynugm=¢ 3(h) = 2 85)}21 =Yy um=e>
1 93%H
Hypy =

anTu(h) yh:?/,.wzé
and the MSE of 1, is given by

MSE (t,) = [Y?Vooo....0.20 + Hiw' A Higy + 2Ynbay Hin . (31)

By using the optimal value of Hy(,)* = —?hA(‘h%b(,,)’, the minimum MSE of the estimators in the
class ¢, is found as

S by Agsba’
MSE(fn.y)min = Z WhZYhZ VO,O....,O,Z(h) l — 7;_ . (32)
h=1 0,0.,...,0,2(h)

Note that the sections of general class of estimators and more general class of estimators contain
estimators satisfying regularity conditions. In the next section, we will propose some estimators,
which do not satisfy some of the regularity conditions.

5. Suggested combined estimatorsin the stratified random sampling

In this section, using the prior value of certain population parameter(s) of the auxiliary variable
and following Gupta and Shabbir [2], we suggest some classes in the stratified random sampling
and study their properties considering the affect of the population parameter(s) to the MSE. In
the stratified random sampling, the combined version of the estimator suggested by Gupta and
Shabbir [2] can be given by:

Nst X + Ay > 7 (33)

Voo = [w1¥sr + wa(X — X, ]( -
Ype 1Yst 2( S‘t) ﬁsrxsz+)hsr
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where 5y, and A, are either real numbers or the functions of the known parameters of the
auxiliary variable, X, such as A1 = b Wi Sun, Ao = Sr_s WiyCon, Az = Y r_y WiBun(x),
Ay = Z,le Wy, B2, (x) and As = Zﬁzl Wy, pr. SOome new estimators, which are generated from
Equation (33) are given in Table 1. The Bias and MSE of y,,. are, respectively, given by

B(Gpe) = (w1 — 1Y — w1Vt Vig + waXty Voo + wi¥2 Voo,

(34)

MSEpe) = Y2 4+ wsX? Va0 + w2Y? (Voo + 1 + 312 Voo — 41, Vi1) — 2wa Y X1, Vi

— 2w Y212 Va0 + 1 — 73 Vi1) + 2wow Y X 275, Voo — Vi),

Table 1. Some members of suggested estimators.

(35)

Simple random sampling

Separate estimators

Some members of j,

Some members of j,,

n A Nh Ah
Yp© 0 1 Yps(©) 0 1
Yp) 1 0 Yps(1) 1 Oh
Xp(Z) 1 Cy }_’ps(Z) 1 Cxn
Yp@3 1 B2 Yps(3) 1 Ban(x)
V() B2(x) x Yps(4) Ban (x) Cxn
O] x B2(x) Vps(5) Cxn Ban(x)
Combined estimators
Some members of y ¢ Some members of y;c
st Ast Ap Ast
L
ypc(O) 0 1 )_];;c(l) Cxn Z Wi Ban (x)
h=1
L L
Ype() 1 > Wipn Ype@) Cxh > Wapn
h=1 h=1
L L
Fpe() 1 > WiCn Vred on > WiBan(x)
h=1 h=1
L L
Yped) 1 Wi Ban (x) Ype(d) Ph > WiCu
h=1 h=1
L L L
Fpetd) > WiBan(x) > WiCun Vrets) B (x) > WiBan(x)
h=1 h=1 h=1
L L L
Ype(®) > WiCu D WaB2n(x) Ype(6) B (x) > Wapn
h=1 h=1 h=1
L
Voot Ban(x) > WiCan
h=1
L
Vre®) Ban (x) > Wipn
h=1
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where 7, = 17, X/ (15 X + As:). We obtain the optimum values as

. Vao(1 — 72 Va0) Y ( (1 — 12Va0) (Va1 — 274 Vao0) )

w; = , wr=—=|1
YT (Vo2Vao + Voo — T2 Vi, — Vi) 27X\ (Vo2Vao + Voo — T4 Vio—ViD)
(36)

Replacing these optimum values in Equation (35), we have

MSE()_’reg(st))(l - Tsz, VZ,O)
(MSE(Fregsn)) /Y2 + (1 — 13 V20)

MSE()_’pc)min = (37)
Motivated by the combined version of the estimator in Gupta and Shabbir [2], we propose a

new family as

Af 4 A

L) (38)

)_);c = [wlyst + wZ(X - )Esr)] <a;kt + )\43[

where A, = Zﬁzl W, XA, al = Zﬁzl W,x, A, and A, may be some population information
of the auxiliary variable for the Ath stratum such as S,,, coefficient of variation C,,, skewness
Bryn, KUrtosis By, correlation coefficient oy (.. Some new estimators that are generated from
Equation (38) are given in Table 1. To obtain the MSE, we should define new & and V terms as

ag — A5 >t WaAn (Xn — X»)

AT A% | 9
i St WE(AW'E [(fh - )_(h)Ht (30 — Yh)r]
Virr = o , (40)

respectively. Using the notations in Equations (39) and (40), we obtain the bias and the MSE of
Vyer espectively, as follows:

B(j}.) = (w1 — DY — w1 Yy, Vg 4+ waXuc Vi + wi¥ i Vi, (41)
MSE(y%.) = wiV?A + wiX?Vioy + Y% — 2wiw,YX B + 2un Y2C — 2wp XYk, Vi, (42)

where

_ X
AL+ Ay

_ * 2 y7%
C =k Vour — k5 Voo — 1.

Kst A =1+ Vi — 4 Vg + 365 Voo B = Vi — 25 Vi,
The optimum values of w; and w, are found as

K5t ViigB — C V3o
AVZ’B0 — B2

*_
Wy =

. Yk, VA —BO)

, Wh = ——= 43
27 X(VgoA — BY) “43)

Replacing these optimum values in Equation (42), the minimum MSE of y7 can be written as
follows:

(44)

MSE (7 )min = ¥ [1 _ (i ViipA + C*Viy — ZKS’Vl*loBC)]
pc .

(AVjy, — B?)

Note that y,. and y;;c are not members of 1,. because the conditions of H(Y,¢) = Y and
0H /3ys] = 1 are not satisfied for these estimators.

)_'”z};,Z:Q
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Note that various transformations of the auxiliary variable affect the minimum values of MSEs
for y,. and y;.. Therefore, the minimum MSEs of y,. and y;. are different from the MSE
of the regression estimator and change according to the choice of the auxiliary information,
whereas, in the classes of #. and z,,, there is one minimum MSE, which is equal to the MSE of the
regression estimator.

6. Efficiency comparisonsfor combined estimators
In this section, we compare the efficiencies for the combined estimators as follows:
MSE (5 pc0))min — MSE(Gpc)min > 0,
1 1-12Vap
72 + MSEGiegen)  MSE(Giregen) + 72(1 — 12Va0) °

If the condition (45) is satisfied, then y,. is more efficient than y,.., whose properties are shown
in Table 1.

(45)

MSE()_’reg(st)) - MSE(}_’pc)min > 0,
1— 2
1— - Lot Y20 5 >0
(MSE(J’reg(.vt))/Yz) + A —-13V20)

If the condition (46) is satisfied, then ¥, is more efficient than yreq(,r). Note that y (o) is a member
of y,. and condition (46) is always satisfied for y,.). SO we can say that this estimator is always
more efficient than yreg(s:)-

(46)

MSE(Ype) — MSE(¥,)min > 0,

kG VIR A + C* Vi — 21 VioBC Va0
AV, — B Voo + Vo2 Voo — V12,1

> 0. (47)

If the condition (47) is satisfied, then y* is more efficient than ().
MSE()_’reg(xt)) - MSE()_’;C)min > 0,
_ (5 Vi A + C* Voo — 2y Vl*loBC):| >0
(AVsy — B?) '
If the condition (49) is satisfied, then Ve is more efficient than yreg(s:).

VoIl — p4]— [1 (48)

MSE()_’pc(O))min - MSE@;C)min > 0,

K2 VIR A + C2Vyo — 2k Vi BC Vo g2 Vao(1 — 12 V50)?
— Vyot2 —
AV, — B? T Voo Voo + Voo — A VR, — VE

If the condition (49) is satisfied, then y7 . is more efficient than y ().

>0. (49

Suggested separ ate estimatorsin the stratified random sampling
Separate version of the estimator, suggested by Gupta and Shabbir [2], can be given by:
L _
_ - = - NnXn + An
ps = W, Xp— — | 50
Vp ; wlwinyn + wan (Xp — Xp)] (nhxh e ) (50)

where 5, and A, are either real numbers or the functions of the known parameters of the auxiliary
variable for the Ath stratum. Applying the standard techniques mentioned in the previous section,
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we get the bias and the MSE as

L

B(p) = Y Wal(win — DY + win Vi (17 C2, — tuCoyn) + wan Xyt €31, (51)
h=1

L
MSE(,) = ) Wi { V7 (win — D)2 + w, ¥y (C2, — 4ty + 377C2)

h=1

2 2 2 2 2,2 vV 2
+ thththh — 2w1th )/h(‘L'h th — rhCth) — ZthXth‘L'h)/thh
—2w1w2s X3 Y v (Cayi — 214C2) ) (52)

respectively, where 1, = 1, X/, X, + ;) and the optimum values of wy;, and wy, are,
respectively, found as

1- Vhffcih

wy, = , (53)
R vCin = vuPi Coy — it C2
7 (1 — yut2C2) (Cryp — 21,C2) "
Wop, = 2 | Th C? C2C2 — (2 — 12, C% | (64)
Xh xh + Y yh ™~ xh Vi xyh Ty Ynlxn

Using Equations (53) and (54) in Equation (52), the minimum MSE of y,, can be written as
follows:
L 2 2 2 .2
— vhCo (L —p2 ) (1 =y Cot)
MSE(Gpdmin = 3 WET7 e = P 2 Z VB
el thyh (1- pxyh) +1- vuCo,ti)
Note that we do not consider the definition A%, for separate estimators. If we use this definition
in Equation (50), ¥, changes as

(55)

L
Voo = Z WilwinJn + wan (X — Xp)] (

Ajt + A >
h=1

56
al, + iy (56)

S0 we cannot say this is a separate estimator exactly and its MSE is worse than the MSE of y,;.
However, we can think a new estimator as

L

Vps = Z Wilwin yn + wan (Xp — %4)] (
h=1

Wina Xn + A ) 57)

Winnxp + Ap

In this case we use ;' = Wy, X5/ (Wini Xp, + Ap) instead of 7, = 0, X5,/ (0, X, + As) in Equa-
tions (51)—(55), respectively. Note that we can think y, is a subclass of y,,; because if we define
nn as n; = Wyn, as a function of known auxiliary information in Equation (50) we can get
Equation (57).

7. Efficiency comparisonsfor separate estimators

In this section, we compare the efficiencies for the combined estimators as follows:

MSE()_’px(O))min - MSE()_’ps)min > 0,
1 1—yClh

xh

1+ th_‘zvh 1- pﬁyh) thih(l - p)%yh) +1- Thz)/hC)fh

> 0. (58)
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If the condition (58) is satisfied, then y,,, is more efficient than y,,0, whose properties are shown
in Table 1.

MSE()_’(reg)s) - MSE(yps)min > 0,
1— C2 2
1- 2 th x5 2 2
thyh (1 - p_)(yh) +1- T thxh

0. (59)

If the condition (59) is satisfied, then y ,, is more efficient than yreg)s. Note that y ;o) is @ member
of y,,, and condition (59) is always satisfied for 3 ). SO we can say that this estimator is always
more efficient than yeg);.

8. Numerical examples
8.1 Simplerandom sampling

For numerical comparisons of estimators in the simple random sampling, we consider the
following data set used by Gupta and Shabbir [2]:

N = 200, n= 50, Y = 500, )_( = 25’ Cy — 15’ Cx — 2, p = 0907
Boxy =50, y =0.015.

Although Gupta and Shabbir [2] claim that various transformations of the auxiliary variable do
not affect the value of the minimum MSE, we show that the specific values of n and A play a role
on the minimum MSE. For this reason, we decide to calculate the minimum MSE values of y,
using different values of  and A as shown in Table 1. The minimum MSE values for the members
of y,, given in Table 1, have been obtained using Equations (11). Besides MSEs of the classical
ratio estimator yo and the regression estimator yreq have been obtained. These values are given in
Table 3. From Table 3, we observe that j,1) is the most efficient estimator for the simple random
sampling data. As a result, y, (i =1, 2, 3, 4, 5) are more efficient than yo, y,0), and yreg.

8.2 Stratified random sampling

We use the data concerning the number of teachers as the study variable and the number of students
as the auxiliary variable in both primary and secondary schools for 923 districts at six regions (as
1, Marmara; 2, Agean; 3, Mediterranean; 4, Central Anatolia; 5, Black Sea; 6, East and Southeast
Anatolia) in Turkey in 2007 (Source: Ministry of Education, Republic of Turkey). The summary
statistics of the data are given in Table 2. We used the Neyman allocation method for determining
the sample sizes of each stratum [1].

The minimum MSE values for the members of y,,., y;;c and y,, given in Table 3, have been
obtained using Equations (37), (44) and (55), respectively. In addition to these MSE values, MSE
values for the estimators of the classical combined ratio yo(), the classical separate ratio yos),
the combined regression jreg(), and the separate regression jieg(s) have also been computed. All
of these MSE values are given in Table 3. From Table 3, we can infer that separate estimators
are more efficient than combined estimators and that y ., is the most efficient in the separate
estimators for this data set. When we further examine Table 3, we see that the differences among
the MSE values for the members of y7 . are big, whereas these differences for the members of y .,
and y,. are small. As a result, y ., is the most efficient estimator in the combined estimators
and it is also more efficient than the combined regression estimator, yreq(). From this result, we
can say that the best efficiency is obtained when A;, and A, are defined as p; and Z,le Wi Cih,
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Table 2. Data statistics (data for the stratified random sampling).

Ny =127

N4 =170

n1 =31

ng =38

Y1 =703.74
Y4 = 424.66
Cy1 =1.256
Cys =1.909
X1 = 20804.59
X4 = 9478.85
Cx1 = 1.465
Cx4 = 1.922

Sxy1 = 25237153.52
Sxys4 = 14523885.53
pst1 = 0.936

psra = 0.983

Bo(x1) = 4.593
B2(xq) = 10.162

Ny =117

N5 = 205

np =21

ns =22

Y, =413

Y5 = 267.03
Cy2 =1.562
Cy5 = 1512
X =9211.79
X5 = 5569.95
Cx2 =1.648
Cxs = 1.526

Sxy2 = 9747942.85
Syys = 3393591.75
pst2 = 0.996

pst5 = 0.989
Bo(x2) = 18.543
Bo(xs5) = 21.947

N3 =103

Ng = 201

n3 =29

ne =39

Y3 =573.17
Ye = 393.84
Cy3 =1.803
Cys = 1.807
X3 = 14309.30
X = 12997.59
Cx3 = 1.925
Cxe = 1777

Sxy3 = 28294397.04
Sxye = 15864573.97
pst3 = 0.994

pst6 = 0.965

Bo(x3) = 15.446
Bo(xs) = 23.114

wy = 0.138 wy = 0.127 w3 = 0.112
wq = 0.184 ws = 0.222 wg = 0.218
Table 3. MSE values of proposed estimators.
Simple random sampling
Separate estimators
y[? MSE _)_7175 MSE
Vp(0) 97677.08 Vps(0) 106.0068178
V) 95468.422 VpsL) 105.9795401
V@) 95842.14 Vps2) 105.97850242
Vp@3) 97673.69 Vps3) 105.9796034
Vp4) 95505.23 Vps(4) 105.9795366
Vp(5) 96642.58 Vps(5) 105.9795754
Vreg 160312.5 Freg(s) 106.4267643
Yo 656250 Yocs) 128.8116162
Combined estimators
Vpe MSE Vpe MSE
Vpe(0) 194.0853 y;c(l) 185.9231308
Vpe) 194.0826725 y;c(Z) 183.6392752
Vpe) 194.0826728 y;c(s) 177.6944494
Vpe®) 194.0826796 9;%(4) 177.67428942
Vpe(d) 194.08267212 f;c(S) 291.4648988
Vpe(s) 194.0826765 y;C(G) 271.8398998
Vreg(c) 194.2832 ch(7) 714.9849344
Yo(e) 216.4183 }_);C(B) 692.3880483

Notes: @The most efficient estimator.

respectively, for this data set. Note that we get more efficient estimators when we define A, as
the correlation coefficient in the family of estimators, y*.. We conclude that the minimum MSE
values of the y,,, ¥,s, ype @nd y5,. can change according to the definition of known population

parameter(s).
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9. Conclusion

In this paper, the properties of the regression type and the Gupta and Shabbir [2] estimators are
discussed in the simple random sampling and we adapt these estimators for the stratified random
sampling. Moreover, we consider a new class for combined estimators and examine the effects of
various transformations of the auxiliary information on the families of estimators.

We show that ¥, ¥pc0) and 3,50 are always more efficient than the classical regression
estimator in the simple random sampling, the classical combined regression estimator, and the
classical separate regression estimators, respectively. We also show that the suggested estimators
ype and y7 - in the stratified random sampling are more efficient than the classical combined
regression estimator when the conditions of Equation (46) and (48) are satisfied, respectively.

Although Gupta and Shabbir [2] claim that various transformations of the auxiliary variable
do not affect the minimum value of MSE, we prove that the specific values of n and A have an
important role on the minimum MSE. We also prove that this important result is also valid for the
stratified random sampling.

References

[1] W.G. Cochran, Sampling Techniques, John Wiley and Sons, New York, 1977.
[2] S. Gupta and J. Shabbir, On improvement in estimating the population mean in simple random sampling, J. Appl.
Stat. 35(5) (2008), pp. 559-566.
[3] C. Kadilar and H. Cingi, Ratio estimatorsin stratified random sampling, Biom. J. 45 (2003), pp. 218-225.
[4] P. Kaur, On the estimation of population mean in stratified sampling, Biom. J. 27(1) (1985), pp. 101-105.
[5] N. Koyuncu and C. Kadilar, Ratio and product estimatorsin stratified random sampling, J. Statist. Plann. Inference
139(8) (2009), pp. 2552-2558.
[6] J. Shabbirand S. Gupta, Improved ratio estimatorsin stratified sampling, Amer. J. Math. Management Sci. 25 (2005),
pp. 293-311.
[7] H.P. Singh and R. Tailor, Use of known correlation coefficient in estimating the finite popul ation mean, Stat. Transit.
6 (2003), pp. 555-560.
[8] H.P.Singh, R. Tailor, S. Singh, and J.M. Kim, A modified estimator of population mean using power transformation,
Statist. Papers 49 (2008), pp. 37-58.
[9] H.P. Singh and G.K. Vishwakarma, An efficient variant of the product and ratio estimators in stratified random
sampling, Stat. Transit. 7(6) (2006), pp. 1311-1325.
[10] H.P.Singhand G.K.Vishwakarma, Afamily of estimatorsof popul ation mean using auxiliary informationin stratified
sampling, Comm. Statist. Theory Methods 37(7) (2008), pp. 1038-1050.
[11] B.V.S. Sisodia and V.K. Dwivedi, A modified ratio estimator using coefficient of variation of auxiliary variable,
J. Indian Soc. Agricultural Statist. 33 (1981), pp. 13-18.
[12] S.K. Srivastava, A generalized estimator for mean of a finite population using multi-auxiliary information, JASA 66
(1971), pp.404-407.
[13] L.N. Upadhyaya and H.P. Singh, Use of transformed auxiliary variable in estimating the finite population mean,
Biom. J. 41(5) (1999), pp. 627-636.



