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sampling. They have showed that these estimators are more efficient than the classical ratio
estimator and that the minimum value of the mean square error (MSE) of this family is equal to

I,i?t';zoeri?;nam the value of MSE of regression estimator. In this article, we adapt the estimators in this family

Product estimator to the stratified random sampling and motivated by the estimator in Searls [1964. Utilization

Regression estimator of known coefficient of kurtosis in the estimation procedure of variance. Journal of the Amer-

Auxiliary information ican Statistical Association 59, 1225-1226], we also propose a new family of estimators for

g’;?_af" square error the stratified random sampling. The expressions of bias and MSE of the adapted and proposed
1ciency

families are derived in a general form. Besides, considering the minimum cases of these MSE
equations, the efficient conditions between the adapted and proposed families are obtained.
Moreover, these theoretical findings are supported by a numerical example with original data.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction and notations

Auxiliary variable is commonly used in survey sampling to improve the precision of estimates. Whenever there is auxiliary
information available, the researchers want to utilize it in the method of estimation to obtain the most efficient estimator. In
some cases, in addition to mean of auxiliary variable, various parameters related to auxiliary variable such as standard deviation,
coefficient of variation, skewness, kurtosis, correlation coefficient, etc. may also be known. For these cases, many authors such as
Upadhyaya and Singh (1999), Sisodia and Dwivedi (1981), Singh and Tailor (2003) developed various estimators to improve the
ratio estimators in the simple random sampling. Kadilar and Cingi (2003) adapted the estimators in Upadhyaya and Singh (1999)
to the stratified random sampling. Singh and Vishwakarma (2008)proposed a new family of estimators in stratified random
sampling.

In this study, under stratified random sampling without replacement scheme, we suggest two general families of estimators
to estimate the population mean of the study variable, Y, by considering the estimators in Searls (1964) and Khoshnevisan et al.
(2007) and the optimum cases of these suggested families of estimators are also examined.

Consider a finite population U = (u1, uy,...,uy) of size N and let y and x, respectively, be the study and auxiliary variables
associated with each unit u; (j=1,2,...,N) of the population. Let the population of size, N, is stratified into L strata with h-th
stratum containing Ny, units, where h=1,2,...,L such that Z;}:]Nh = N. A simple random sample of size n, is drawn without
replacement from the h-th stratum such that Zﬁ:1 n, = n. Let (yp;, Xp;) denote the observed values of y and x on i-th unit of

the h-th stratum, where i = 1,2, ..., N, and h = 1,2, ..., L. Moreover, let , = >"" yyi/np, Vst = Sh_; Wi, and Y = S0 ypi/ Ny,
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Y = Y = Yk, W, Y} be the sample and population means of y, respectively, where W;, = N;/N is the stratum weight. Similar
expressions for x can also be defined. o o
To obtain the bias and mean square error (MSE), let us define eqg = (Yst — Y)/Y and e; = (s — X)/X. Using these notations,

E(eo) =E(e1)=0,

L 5 ¥ (D V)
El(Xp — Xn) (Yn — Yn) |
Vis= }; Wyt s . (1)

From (1), we can write

L
_ >k Wﬁyhsf/h

E(e3) 7 =Vo2,

ZL: WZ,thZ
E(e}) = w =Va0,

Yot W ThSiph
E(eger) = hl)—(ighxy =Vi1,
where

N . N . N . .
2 S (hi — Yn)? @ S (xhi — Xn)? S >oity i = Yo )(Xpi — Xp) _1-h g fo M
VWS TN, =1 h T T N, -1 T N, -1 C =, RSN,

2. Adapted family of estimators

Khoshnevisan et al. (2007) introduced a general family of estimators for population mean using known value of some
population parameters in simple random sampling given by

S g

_ aX+b

t= y — = . (2)
ofax +b)+ (1 — a)(aX + b)
Motivated by Khoshnevisan et al. (2007), we adapt this family to the stratified random sampling as
o 4

_ astX +b

k= Vst _ St st _ i (3)
o aseXse + bse) + (1 — o)(aseX + bst)

where « is a suitable constant, as(#0) and b are either real numbers or the functions of the known parameters of the auxiliary
variable, x, such as Y1y = Y- WiSen, W2 = Yooy WhCins Y3 = Siicy Wi B1n(X), g = Sy Wi Pop (%), and 5 = Y-y Wi py.. We would
like to remark that for various values of parameters in (3), we get nine ratio estimators and nine product estimators, as shown in
Table 1. Note that ki, in Table 1, is the classical ratio estimator and k; is the classical product estimator in the stratified random
sampling.

Expressing k in terms of e; (i =0, 1), we can write (3) as

k:?(l +ep)[1 +D€U€1]_g, (4)

where v = aseX/(as:X + bst). Suppose |aveq| < 1 so that [1 + owe; ] ™% is expandable. Expanding the right hand side of (4) to the first
order of approximation, we obtain

k—-Y=Y [—gw;el + g(g2+ fozuze% +eg — gawegeq + g(g2+ 1)oc21)2e0e%] . (5)
Taking expectation of both sides in (5), we get the bias of the estimator k as

B(k) = Y[@azuzvm —gowvm]. (6)

Squaring both sides of (5) and then taking expectation, we get the MSE of the estimator k, to the first order approximation, as

MSE(k) = Y?(g%a?v? Va0 + Vo2 — 2g00V1 7). (7)
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Table 1
Some members of the family of estimators of k.
g =1 ratio estimators g = —1 product estimators o Qs by
ki ys[(x> =5 (%) 1 1 0
+¥, o (Rt
yst (Xs[ ¥ 1/12 ) k4 =Yst < X 1,02 ) 1 1 'pz Z thxh
U X+, YaXe + Y, _ < _
=7 (‘/’4&: +¥, ) =Tk < lﬁ4X +, > ! Ve = hg; Wi an(X) Vo= ,E] WhCan
X+, _ YaXee + U4 _ & _ &
k7 =ys ( zxsr n l//4> ks = ys < 1//ZX = % > 1 wz = hE:I WhCan ‘//4 = hgl Whﬁzh(x)
v X+, s+ Ys _y
ko = st <_s[ T ) k1o = st < v, ) 1 1 v *h; WhSxh
X+, o (Vs + Y -y
ki1 = yst (m> k12 = yst < VXU ) 1 Vs v, = g WhiSxn
(VX +y o VaRe + Yy _y
ki3 =Yg (m) kia =yst <m> 1 l//4 = ng Whﬁzn()‘) % ’g WhiSin
_ (X - s
k]S =Yst (Xslil/l/;g;) k15 =Yst < )_(:IZI: ) 1 1 '//5 Z Whph
(X - s
k7 =Yst (Rs[:l/l;‘;) kis = st < )_(:l/lf/lj) 1 1 Vy= h:Z] Wi Ban(x)
Minimization of (7) with respect to t = g yields its optimum value as
Via
t* =gov = ——. 8
g V20 (8)
Substitution of (8) in (7) yields the minimum value of MSE(k) as
- v, } )
MSEmin(k) =Y~ | Vo2 — Voo | = V(¥se)(1 = pgi), 9
which is equal to the MSE of combined regression estimator.
For ratio estimators given in Table 1, we can express the MSE equation in (7) as
Y2(Voz + Voo — 2Vy,1), i=1,
MSE(k;)= 1 " ' ' . 10
(ki) {YZ[VO,Z = 20i_1y2V11 + U(zi_l)/zvz,ol, i=3,57,..,17 (10)
and for product estimators, the MSE equation is
(Vo2 + Va0 +2V1,1), i=2,
MSE(k;) = 11
(kj)= {YZ[VOZ +2[)U/2) ]V]] +UU/2 Vzo] ] 4,6,8,...,18, an
where
X X X X
U1 = = , L= l_p4 N D3ZL, U4 = = N
X+, VX 4+, VX + 1y X+
X X X X
D5ZL, Vg = l_p4 , L7== , Ug= =
Y3X + Yy VX 4+ X+s X+,
3. Suggested family of estimators
Motivated by Searls (1964), we propose a new family of estimators given by
s g
_ aX+b
n=7"st| —— = , (12)
oaxse +b) + (1 — a)(aX + b)

where 4 is a constant. We would like to remark that for various values of parameters in (12), we develop nine ratio estimators
and nine product estimators, as shown in Table 2. Note that #;, in Table 2, is the estimator proposed by Kadilar and Cingi (2005).
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Table 2
Some members of the family of estimators of #.
g = 1 ratio estimators g =—1 product estimators o Qst b A
’11:&75:(.&) F)%(’%) 1 1 0 y)
= G (Xﬁ . %) Na = 75 (’;‘:l‘fj) 1 1 Yy = é WiCun A
s = 5 (l’ ffj’;) o = 5 (%ff) 1 = 5 Wil o= 3 Wi ]
— (l’ j‘*j’l’p) T (fbxj$> 1 Vo= X WiGa Vo= £ Wb i
o = MFst (:r‘f’p: ) tho = /Fst (’;’:Jf’; ) 1 1 Uy = é WS 2
= 5 (wf*f(p ) M = i3 (fb’;:f ) 1 s = 5 Wiy () V=5 Wi )
Mo =73 (jxxj“; ) ha= 3 (fb’;j;” ) i V= 3 Wi () V=3 Wi )
Ny = st (é{ilﬁ:) Mg = st (;:Ji") 1 1 Vs :é Wi Bon(x) A
Expressing the estimator, #, in terms of e; (i =0, 1), we can write (12) as
n=AY(1+eg)[1+ ave]75. (13)
Expanding the right hand side of (13) to first order approximation and subtracting Y from both sides we get
n-Y=2ay [1 — gawe + <@mzvzez +ep —gccveoe1} Y. (14)

After similar procedure, described in Section 2, is applied to (14), the bias and the MSE equations of # can easily be obtained as

B(n)= 1Y [@uzvzvm - gowvm] +Y(i-1),

MSE(n) = Y2(2? Voo + (22(28% + ) — g + 8))0r?v? Va0 — 2g0w(227 — A)V1 1 + (4 — 1)),

The MSE(#) is minimized for the optimal value of 1 given by

where
A=(g% 4 g)?v?Vao — 2g00V1 1 + 2,
B=Vy + (28% + 2)e?v? Voo — 4gawVy 1 + 1.

Thus, the minimum MSE of the estimator # is obtained as

- A?
. _y2 _
MSEmin(n)=Y =1 43}.

For ratio estimators given in Table 2, we can express the MSE equation in (16) as

MSECy,) = {gi{;fzvo,z +(3)fi2— 2)'1v20 20227 = 2*)WVi4 +(z - 1f}, L 1:: 1,
(A Vo2 + (34 2/ )v(l 1)/2V20 20i_1y2(24 2_; Wii+(AT -1)7), i=3,5,...,1
and for product estimators, the MSE equation is
MSE(y) = {1:/2{)~:§V0,2 HAVag + 2207 - )W v 1%, j=2
Y2 {2 Vo2 + 2% D(i/2 Va0 + 20(/2)- (2/1 AWV +(AF -1, j=4,6,...,18.

7

(15)

(16)

(17)

(18)

(19)
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The MSE(1;) and MSE(#;) are minimized for the optimal values of 4’s given by

e 14+ Voo —Vig A + U(zi,l)/zvz,o = 0i—1y2V11 + 1 _A*
1+ 3V2_0 — 4V1'1 —+ VO,2 B’ V0,2 + 30(2'_71)/2‘/2'0 _ 40(1,71)/2\/1'1 +1 B+’
= 14+ Vi _A L vg2)-1V11 +1 _A
14+ Vo2 +Vao+4Vy1 B’ Voo + 1)5/2)71V2,0 +4vi2 V11 +1 BT
_ A*2
Y2i1-—1, i=1,
B } :
MSEmin(1;) = (21)
- At2 ]
Y211- B_+} i=3,5,...,17,
_ AoZ
y2{1- , j=2,
[E } J
MSEmin(;) = (22)
. A’EZ .
Y211 - F} j=4,6,...,18.
4. Efficiency comparisons
In this section, we first compare the adapted family of estimators, given in (3), with the classical ratio estimator.
MSE(k;) < MSE(ky), i=3,5,7,...,17,
Via
Vi <2———1 foruv;_1n>1,
(i-1)/2 Vao (i-1)/2
Via
Vi_1y2 >2———1 foruyg_p<1. 23
(=12> 2y, (i-1)2 (23)
When condition (23) is satisfied, we can infer that the adapted family is more efficient than combined ratio estimator.
Second, we compare the suggested family of estimators, given in (12), with the classical ratio estimator.
MSEmin(n;) < MSE(kq), 1=3,5,7,...,17,
At2
1= 5 <(Vo2 + Va0 —2V13). (24)

When condition (24) is satisfied, we can infer that the suggested family is more efficient than combined ratio estimator.
Third, we compare the suggested family of estimators, given in (12), with the ratio estimator proposed by Kadilar and Cingi
(2005).

MSEmin(#;) < MSEmin(n;), 1=3,5,7,...,17,

A.Z A+2

B —B—+<0. (25)

When condition (25) is satisfied we can infer that the suggested family of estimators is more efficient than the ratio estimator
proposed by Kadilar and Cingi (2005).
Finally, we compare the suggested family of estimators, given in (12), with the adapted family of estimators, given in (3).

MSEmin(n,) < MSE(kq),
AoZ
-5 } <(Vo2 + V20 —2V11), (26)

MSEmin(;) < MSE(k;), i=3,5,7,....17,

A+2 5
1- (< [Vo2 — 20G-1)2V1,1 + 51y V20l (27)
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It is clear that for the product estimators similar comparisons can be made and the related conditions can also be obtained.
We would also like to note that the efficient condition between the minimum proposed and adapted families of estimators is
obtained as

MSEmin() < MSEmin(k),

2

A
1- 4B < Voo (1 — p2).

5. Numerical example

In this section, we use the data concerning the number of teachers as study variable and the number of students as auxiliary
variable in both primary and secondary schools for 923 districts at six regions (as 1: Marmara 2: Agean 3: Mediterranean 4: Central
Anatolia 5: Black Sea 6: East and Southeast Anatolia) in Turkey in 2007 (Source: Ministry of Education, Republic of Turkey). The
design of the sampling is formed by random selection of the districts from each region and the numbers of these selected districts
are computed by Neyman allocation as

n,= nLNhish. (28)
> h=1NnSn

Note that we take the sample of size, n, as 180 and the sample of sizes in each stratum, ny, which are computed by (28), are
shown in Table 3. In Table 3, we observe that the correlations between auxiliary and study variables are positive. Therefore, we
use ratio estimators for the estimation of the population mean in this section.

The MSE values of the adapted and the proposed estimators have been obtained using (10) and (21), respectively. These values
are given in Table 4. When we examine Table 4, we observe that the 13th adapted (k;3) and proposed (#;3) estimators have the
smallest MSE values among their own family of estimators. From this result, we can infer that the 13th adapted and proposed
estimators are more efficient than both the classical (k;) and the Kadilar-Cingi estimator (7 ) for this data set. When we further
examine Table 4, we see that MSE(#,3) < MSE(k;), where i = 1,3,5, ..., 17. From this result, we can conclude that the proposed
estimators are more efficient than the adapted estimators for this data set. However, these results are expected results since
conditions (23)-(27) are satisfied, as shown in Table 5.

We would also like to remark that the value of the MSEin(k), which is equal to the value of the MSE of the combined regression
estimator, is obtained as 194.2832 by (9). It should be noticed that the value of MSE(#,3) is less than this value, as shown in
Table 4. Consequently, we can say that the 13th proposed ratio estimator is also more efficient than the combined regression
estimator for this data set.

Table 3

Data statistics.

N; =127 N, =117 N; =103

N, =170 N5 =205 N =201

n; =31 ny =21 n3 =29

ny =38 ns =22 ng =39

Sy1 = 883.835 Sy» = 644.922 Sy3 = 1033.467
Sya = 810.585 Sys = 403.654 Sye = 711.723
Y, =703.74 Y, =413 Y3 =573.17
Y, =424.66 Ys = 267.03 Ys = 393.84
Gy =1.256 Cyp = 1.562 G =1.803
Cya = 1.909 Cys = 1.512 Cys = 1.807

Sx1 =30486.751
Sx =18218.931

Sx2 =15180.769
Sxs = 8497.776

Sx3 = 27549.697
Sxs =23 094.141

X; =20804.59 X, =9211.79 X3 =14309.30
X4 =9478.85 Xs = 5569.95 Xs =12997.59
Cx1 = 1.465 Cxa = 1.648 Cxs = 1.925
Cxa = 1.922 Cxs = 1.526 Cxs = 1.777

Sw1 =25237153.52
Swa =14523885.53

Sxy2 =9747942.85
Sxys =3393591.75

Sxy3 = 28294 397.04
Sxye =15864573.97

p, =0.936 p, =0.996 p; =0.994
ps=0.983 ps = 0.989 g = 0.965
B,(x1) = 4593 B,(x,) = 18.543 B,(x3) = 15.446
B,(x4) = 10.162 B, (xs) = 21.947 By(xs)=23.114
Baly1)=2.158 Baly>) = 16.392 Balys) = 14979
Ba(va) = 12.167 By(ys) = 21.088 Ba(ys)=20254
w; = 0.138 W, = 0.127 ws =0.112

ws =0.184 ws = 0222 we = 0218
B,(x1)=2.164 B, (x,) = 3.867 B, (xs)=3.748
By(x4) =3.121 B, (xs)=4.084 B, (xs) = 4.411
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Table 4
MSE values of estimators.
MSE(k;) =216.4183 MSE(n,) = 215.3553
MSE(k3) = 216.3485 MSE(n;) = 215.2877
MSE(ks) = 216.4141 MSE(n5) =215.3512
MSE(k;) = 216.0243 MSE(n;) = 214.9739
MSE(kq) = 905.6034 MSE(14) = 904.7041
MSE(ky1) = 318.3222 MSE(n,,)=318.3032
MSE(kq3) = 194.28522 MSE(17,5) = 194.0831"
MSE(kqs) = 216.3783 MSE(n,5) =215.3166
MSE(kq7) = 215.7490 MSE(n,,) = 214.7074

aRepresents the most efficient estimator among k; estimators.

PRepresents the most efficient estimator among #; estimators.
Table 5
Efficiency conditions.
Estimators Cond. (23) Cond. (24) Cond. (25) Cond. (26) Cond. (27)

MSE(k;) < MSE(k1) MSEmin(17;) < MSE(ky) MSEmin(1;) < MSEmin(17;) MSEmin(1,) < MSE(k1) MSEmin(n;) < MSE(k;)
ki 0.001131 <0.001136
ks 0.999850976°
ks 0.999990959?
k7 0.999155641?
kg 0370169324
k11 0.681985585
kis 0.90644646°
kis 0.999914605%
k17 0.998561085°
n
/B 0.0011302672 —3.54731E-072 0.0011303 < 0.0011362
s 0.001130601? —2.15366E-08? 0.0011306 < 0.0011362
7, 0.001128622 —2.00246E—06° 0.0011286 < 0.0011342
1y 0.004749725 0.003619103 0.0047497 < 0.0047542
N1 0.001671102 0.00054048 0.0016711 < 0.00167122
[/ 0.001018943? —-0.000111679% 0.0010189 < 0.001022
N3 0.001130419* —2.03338E-072 0.0011304 < 0.001136?
15 0.0011272212 —3.40168E—06° 0.0011272 < 0.001133%
0811111 <12 <1 <0.001136 <0

aRepresents that conditions are satisfied.
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