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Estimators for the PopulationMean
in the Case ofMissing Data

CEM KADILAR AND HULYA CINGI

Department of Statistics, Hacettepe University, Ankara, Turkey

We propose a class of estimators for the population mean when there are missing
data in the data set. Obtaining the mean square error equations of the proposed
estimators, we show the conditions where the proposed estimators are more efficient
than the sample mean, ratio-type estimators, and the estimators in Singh and Horn
(2000) and Singh and Deo (2003) in the case of missing data. These conditions are
also supported by a numerical example.

Keywords Efficiency; Missing data; Ratio-type estimator; Regression estimator;
Simple random sampling.

Mathematics Subject Classification 62D05; 62G05.

1. Introduction

Missing data is a common problem in sample surveys and statisticians have
recognized that statistical inference can be spoiled in the presence of non response.
Therefore, there are some recent studies on this important topic such as Singh
and Horn (2000), Singh and Deo (2003), Rueda and Gonzalez (2004), Rueda et al.
(2005), etc. In all of these articles, the purpose is to estimate the population mean
efficiently when some observations are missing from the sample.

It is well known that under the mean method of imputation, the sample mean
and its variance can be given by:

ȳs =
1
r

r∑
i=1

yi� (1)

V�ȳs� =
(
1
r
− 1

N

)
S2
y � (2)
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Estimators in the Case of Missing Data 2227

respectively. Here, r is the number of responding units out of sampled n units
drawn from the finite population of size, N , by simple random sampling without
replacement (SRSWOR) and S2

y is the population variance of the study variable.
Note that the sample mean is an unbiased estimator of the population mean so
V�ȳs� = MSE�ȳs�.

It is also known that under the ratio method of imputation, the ratio estimator
for the population mean, its bias, and mean square error (MSE) in the case of
missing data can be given by:

ȳr =
ȳs
x̄s
x̄� (3)

B�ȳr� �
(
1
r
− 1

n

)
Y
(
C2

x − �CyCx

)
�

MSE�ȳr� �
(
1
r
− 1

N

)
S2
y +

(
1
r
− 1

n

)(
R2S2

x − 2RSxy
)
�

(4)

respectively. Note that we implicitly assume missing completely at random (MCAR)
in the present investigation as in Singh and Horn (2000). Here x̄ =

∑n
i=1 xi
n

is the
sample mean of the auxiliary variable, x̄s =

∑r
i=1 xi
r

is the sample mean of the
auxiliary variable under the mean method of imputation, Cx = Sx

X
and Cy = Sy

Y
are

the population coefficients of variation of auxiliary and study variables, respectively,
� is the coefficient of correlation between the auxiliary and the study variables, R =
Y
X
is the population ratio, X and Y are the population means of the auxiliary and the

study variables, respectively, S2
x is the population variance of the auxiliary variable,

Sxy is the population covariance between the auxiliary and the study variables.
Comparing (2) and (4), one can easily see that the ratio method of imputation

is more efficient than the mean method of imputation when:

R < 2B� for R > 0

R > 2B� for R < 0
(5)

where B = Sxy
S2x
.

In order to have efficient population mean estimator, Singh and Horn (2000)
and Singh and Deo (2003) proposed the following estimators, respectively:

ȳSH = � ȳs + �1− ��ȳs
x̄

x̄s
� (6)

ȳSD = ȳs

(
x̄

x̄s

)�

� (7)

where � is a suitable constant. The optimal values � and �, which make the MSE
minimum, are computed by:

�∗ = 1− �
Cy

Cx

and �∗ = �
Cy

Cx

�

respectively. Using these optimal values, the minimum MSE equations can be
obtained. Singh and Horn (2000) and Singh and Deo (2003) obtained the biases and
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2228 Kadilar and Cingi

minimum MSE equations of these estimators as follows:

B�ȳSH� �
(
1− �

)(
1
r
− 1

n

)
Y �C2

x − �CyCx��

B�ȳSD� �
(
1
r
− 1

n

)
Y

(
���− 1�

2
C2

x − ��CyCx

)

and

MSEmin�ȳSH� � MSE
(
ȳr
)−

(
1
r
− 1

n

)(
1− �

Cy

Cx

)2

Y
2
C2

x � (8)

MSEmin�ȳSD� � MSE�ȳr�−
(
1
r
− 1

n

)
S2
x�B − R�2� (9)

respectively. It is clearly seen that these two estimators are always more efficient
than the ratio estimator, ȳr . We found that the MSE equations, given in (8) and (9),
are equal to each other (for details see Appendix).

2. Suggested Estimators

Kadilar and Cingi (2004) suggested the following estimator for the population mean
in the simple random sampling:

ȳKC = ȳ + b�X − x̄�

x̄
X� (10)

where b = sxy
s2x

is the regression coefficient computed by the least square method (for
details see Kadilar and Cingi, 2005). Here, s2x is the sample variance of the auxiliary
variable and sxy is the sample covariance between the auxiliary and the study
variables. Note that Ray and Singh (1981) examined the power transformation of
the estimator in (10).

When we modify the estimator in (10) to account for the ratio imputation
method in (3) and the mean method of imputation in (1), we propose first estimator
as follows:

ȳpr1 =
ȳs + b�X − x̄�

x̄
X� (11)

where X =
∑N

i=1 xi
N

.

Theorem 2.1. The bias of the proposed estimator in (11) is given by:

B�ȳpr1� �
(
1
n
− 1

N

)
YC2

x � (12)

Proof. The bias of the proposed estimator in (11) can be obtained using the second-
degree approximation, 0�n−2�, in the Taylor series method defined by:

B�ȳpr� �
1
2

[ p∑
i=1

p∑
j=1

dijE��̂i − �i���̂j − �j�

]
� (13)



D
ow

nl
oa

de
d 

B
y:

 [T
Ü

B
İT

A
K

 E
K

U
A

L]
 A

t: 
09

:1
8 

26
 M

ay
 2

00
8 

Estimators in the Case of Missing Data 2229

where p is the number of parameters, p = 2 for this proposed estimator, dij =
	2h�t�

	�̂i	�̂j

∣∣
t=T

, h�t� = h�ȳs� x̄� = ȳpr1, �̂1 = ȳs, �̂2 = x̄, and �1 = Y , �2 = X (Wolter, 1985).
By these definitions, we can re-write (13) as:

B�ȳpr1� �
1
2

{
d11V�ȳs�+ d12cov�x̄� ȳs�+ d21cov�ȳs� x̄�+ d22V�x̄�
 (14)

where

V�ȳs� =
(
1
r
− 1

N

)
S2
y � (15)

V�x̄� =
(
1
n
− 1

N

)
S2
x� (16)

cov�x̄� ȳs� = cov�ȳs� x̄� =
(
1
n
− 1

N

)
�SySx� (17)

(Singh and Deo, 2003) and

d11 = 0� d12 = d21 = − 1

X
� and d22 =

2

X
�R+ B� (18)

Substituting (15)–(18) in (10), we get (12). Hence, the theorem. �

We would like to note that E�b� = B (see Cochran, 1977).

Theorem 2.2. The MSE of the proposed estimator in (11) is given by:

MSE�ȳpr1� �
(
1
r
− 1

N

)
S2
y +

(
1
n
− 1

N

)
S2
x�R

2 − B2�� (19)

Proof. Using the first degree approximation, 0�n−1�, in the Taylor series method,
we can write:

MSE�ȳpr1� �
Y

2 + 2BXY + B2X
2

X
2 V�x̄�− 2Ȳ + 2BX

X
cov�x̄� ȳs�+ V�ȳs� (20)

(see Kadilar and Cingi, 2004). Substituting (15)–(17) in (20), we get (19). Hence, the
theorem. �

We would like to remark that �Sy = BSx (Cingi, 1994).
We propose second estimator as follows:

ȳpr2 =
ȳs + b�X − x̄s�

x̄s
X� (21)

Theorem 2.3. The bias of the proposed estimator in (21) is given by:

B�ȳpr2� �
(
1
r
− 1

N

)
YC2

x � (22)
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2230 Kadilar and Cingi

Proof. The only difference between first and second proposed estimators is to
replace x̄ with x̄s so we can write (14) as:

B�ȳpr2� �
1
2

{
d11V�ȳs�+ d12cov�x̄s� ȳs�+ d21cov�ȳs� x̄s�+ d22V�x̄s�

}
(23)

where

V�x̄s� =
(
1
r
− 1

N

)
S2
x (24)

cov�x̄s� ȳs� = cov�ȳs� x̄s� =
(
1
r
− 1

N

)
�SySx� (25)

Substituting (15), (18), (24), and (25) in (23), we get (22). Hence, the theorem. �

It is worth pointing out that the only difference between the biases of first and
second proposed estimators is to replace n with r.

Theorem 2.4. The MSE of the proposed estimator in (21) is given by:

MSE�ȳpr2� �
(
1
r
− 1

N

)
�S2

y − BSxy + R2S2
x�� (26)

Proof. For second proposed estimator, we can write (20) as:

MSE�ȳpr2� �
Y

2 + 2BXY + B2X
2

X
2 V�x̄s�−

2Y + 2BX

X
cov�x̄s� ȳs�+ V�ȳs�� (27)

Substituting (15), (24), and (25) in (27), we get (26). Note that BSxy = B2S2
x (Cingi,

1994). �

We would like to remark that when n is replaced with r in (19), we get (26).
If the population mean of the auxiliary variable, X, is unknown, we propose

third estimator as:

ȳpr3 =
ȳs + b�x̄ − x̄s�

x̄s
x̄� (28)

Theorem 2.5. The bias of the proposed estimator in (28) is given by:

B�ȳpr3� �
(
1
r
− 1

n

)
Y�CyCx� (29)

Proof. When p = 3 in (13), we can write:

B�ȳpr3� �
1
2

{
d11V�ȳs�+ d21cov�x̄� ȳs�+ d31cov�x̄s� ȳs�+ d12cov�ȳs� x̄�

+ d22V�x̄�+ d32cov�x̄s� x̄�+ d13cov�ȳs� x̄s�

+ d23cov�x̄� x̄s�+ d33V�x̄s�
}

(30)
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Estimators in the Case of Missing Data 2231

where

cov�x̄s� x̄� = cov�x̄� x̄s� =
(
1
n
− 1

N

)
S2
x� (31)

(Singh and Deo, 2003)

d11 = 0� d22 =
2

X
�R+ B�� d33 = 0� d12 = d21 = − 1

X
�

d31 = d13 =
1

X
� d32 = d23 = − Y

X
2 − B

X
� (32)

Substituting (15)–(17), (24)–(25), and (31)–(32) in (30), we get (29). �

Theorem 2.6. The MSE of the proposed estimator in (28) is given by:

MSE�ȳpr3� �
(
1
r
− 1

N

)
S2
y +

(
1
r
− 1

n

)[
�R+ B�2S2

x − 2�R+ B�Sxy
]
� (33)

Proof. The MSE of the proposed estimator can be found using the first-degree
approximation in the Taylor series method defined by:

MSE�ȳpr3� � d�d ′� (34)

where

d =
[
	h�a� b� c�

	a

∣∣∣
Y �X

	h�a� b� c�

	b

∣∣∣
Y �X

	h�a� b� c�

	c

∣∣∣
Y �X

]

� =



V�ȳs� cov�ȳs� x̄� cov�ȳs� x̄s�

cov�x̄� ȳs� V�x̄� cov�x̄� x̄s�

cov�x̄s� ȳs� cov�x̄s� x̄� V�x̄s�




(35)

(see Wolter, 1985). Here, h�a� b� c� = h�ȳs� x̄� x̄s� = ȳpr3. According to this definition,
we obtain d for the proposed estimator as follows:

d = �1 − �R+ B� R+ B
� (36)

Substituting (15)–(17), (24), (25), (31) in (35) and then (35)–(36) in (34), we get (33).
Hence, the theorem. �

3. Efficiency Comparisons

In this section, we compare the MSE of proposed estimators with the MSE of
sample mean and ratio-type estimators in the case of missing data. From these
comparisons, we obtain the conditions where the proposed estimators are more
efficient than mentioned estimators.
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2232 Kadilar and Cingi

Theorem 3.1. All proposed estimators, given in (11), (21), and (28), are more efficient
than the sample mean estimator, given in (1), when the following condition is satisfied:

R2 < B2� (37)

Proof. Comparing (19), (26), and (33) with (2), respectively, it is easily shown that
we get the condition (37). �

Theorem 3.2. First proposed estimator, given in (11), is more efficient than the ratio-
type estimator, given in (3), when the following condition is satisfied:

(
1
n
− 1

N

)
S2
x�R

2 − B2�−
(
1
r
− 1

n

)
�R2S2

x − 2RSxy� < 0� (38)

Proof. Comparing (19) with (4), we easily get the condition (38). �

Theorem 3.3. Second proposed estimator, given in (21), is more efficient than the
ratio-type estimator, given in (3), when the following condition is satisfied:

(
1
r
− 1

N

)
S2
x�R

2 − B2�−
(
1
r
− 1

n

)
�R2S2

x − 2RSxy� < 0� (39)

Proof. Comparing (26) with (4), we easily get the condition (39). �

Theorem 3.4. Third proposed estimator, given in (28), is more efficient than the ratio-
type estimator, given in (3), when the following condition is satisfied:

Sxy�2R− B� < 0� (40)

Proof. Comparing (33) with (4), we easily get the condition (40). �

Theorem 3.5. First proposed estimator, given in (11), is more efficient than the
estimators in Singh and Horn (2000) and Singh and Deo (2003), given in (6) and (7),
respectively, when the following condition is satisfied:

(
1
n
− 1

N

)
R2 +

(
1
r
+ 1

N
− 2

n

)
B2 < 0� (41)

Proof. Comparing (19) with (9) or (A1), we obtain:

(
1
n
− 1

N

)
S2
x�R

2 − B2� <

(
1
r
− 1

n

)[
R2S2

x − 2RSyx − S2
x�B − R�2

]
(
1
n
− 1

N

)
S2
x�R

2 − B2� <

(
1
r
− 1

n

)[−2RSyx − S2
xB

2 + 2BRS2
x

]
(
1
n
− 1

N

)
S2
x�R

2 − B2� <

(
1
r
− 1

n

)[
BS2

x�2R− B�− 2RBS2
x

]
(
1
n
− 1

N

)
�R2 − B2�−

(
1
r
− 1

n

)[
B�2R− B�− 2RB

]
< 0
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Estimators in the Case of Missing Data 2233

(
1
n
− 1

N

)
�R2 − B2�+

(
1
r
− 1

n

)
B2 < 0

(
1
n
− 1

N

)
R2 +

(
1
r
+ 1

N
− 2

n

)
B2 < 0�

By this way, we get the condition (41). �

Theorem 3.6. Second proposed estimator, given in (21), is more efficient than the
estimators in Singh and Horn (2000) and Singh and Deo (2003), given in (6) and (7),
respectively, when the following condition is satisfied:

(
1
r
− 1

N

)
R2 −

(
1
n
− 1

N

)
B2 < 0� (42)

Proof. Comparing (26) with (9) or (A1), similar with the proof in Theorem 3.5, we
can easily get the condition (42). �

Theorem 3.7. Third proposed estimator, given in (28), is more efficient than the
estimators in Singh and Horn (2000) and Singh and Deo (2003), given in (6) and (7),
respectively, when the following condition is satisfied:

R2 < 0� (43)

However, this condition is never satisfied so the estimators in Singh and Horn (2000)
and Singh and Deo (2003) are always more efficient than the third proposed estimator.

Proof. Comparing (33) with (9) or (A1), similar with the proof in Theorem 3.5 we
can easily get the condition (43). �

4. Numerical Illustration

We have used the data of Kadilar and Cingi (2003) in this section. However, we have
considered the data of all 19 counties (Ayvalik, Bandirma, Edremit, Erdek, etc.) of
only 1 city (Balikesir) in Turkey in 1999, as we are interested in simple random
sampling here. These data, concerning the level of apple production as the study
variable and number of apple trees as the auxiliary variable, are used to compare
efficiencies of proposed estimators with sample mean, ratio-type estimators, and the
estimators in Singh and Horn (2000) and Singh and Deo (2003) numerically.

In Table 1, we observe the statistics about the population. Note that we take
the sample of size as n = 10 from N = 19 by SRSWOR method and let r = 8. We
would like to remark that the coefficient of correlation between the auxiliary and
study variables is 0.88 so this data set is suitable for the estimators using the ratio
method.

If we performed an empirical study, we would do the following steps.

Step 1. We select all possible M = (
19
10

) = 92�378 samples from the population.

Step 2. We drop two units randomly from each sample corresponding to the
study variable.
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2234 Kadilar and Cingi

Table 1
Data statistics

N = 19 Y = 575�00 Syx = 9738388�33
n = 10 X = 13573�68 R = 0�04
r = 8 Sy = 858�36 B = 0�06
� = 0�88 Sx = 12945�38

Step 3. For each sample, we estimate the population mean using mean method
in (1), ratio method in (3), first proposed estimator in (11), second proposed
estimator in (21), and third proposed estimator in (28).

Step 4. We compute exact MSE values of each method using the following
equation:

MSE�ȳi� =
1
M

M∑
j=1

�ȳi j − Y �2� i = s� r� pr1� pr2� pr3� (44)

Instead of using these steps, we can compute approximate values of MSE for
each estimator using (2), (4), (8), (9), (19), (26), and (33). These MSE values, which
are given in Table 2, are expected to be nearly the same as the values computed
from (44). However, the results of simulation would be less reliable than those of
theory, because of the availability of many possible samples.

When we examine Table 2, we observe that second proposed estimator has
the smallest MSE value among all estimators. It is an expected result, because the
condition (39) and (42) are satisfied. The values of the expressions in (39) and (42)
are −6082.32 and −3.01E-05, respectively. However, the conditions (38), (40), and
(41) are not satisfied as the values of expressions in these conditions are positive. All
proposed estimators have smaller MSE than mean method, because the condition
(37) is satisfied for this data set.

From the result of this numerical illustration, we infer that second proposed
estimator is the most efficient estimator for this data set. It is worth to point out
that this inference changes depending on values of r and n.

Table 2
MSE values of estimators

ȳs 53319.89
ȳr 40211.43
ȳSH 39172.22
ȳSD 39172.22
ȳpr1 40758.65
ȳpr2 34129.11
ȳpr3 46690.35
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5. Conclusion

We have developed estimators adapting the estimator considered in Kadilar and
Cingi (2004) to the case of non response in sample survey and obtained the bias and
MSE equations of the proposed estimators. Theoretically, we have demonstrated
that the proposed estimators are more efficient than traditional estimators and
the estimators in Singh and Horn (2000) and Singh and Deo (2003) when the
conditions (37)–(42) are satisfied. In addition, we support this theoretical result
numerically. We would like to mention that some other estimators can also be
derived in the forthcoming studies by adding the auxiliary information, such as
the population coefficient of variation or kurtosis of the auxiliary variable, to the
proposed estimators given here, as in the studies of Sisodia and Dwivedi (1981) and
Upadhyaya and Singh (1999).

Appendix

MSEmin�ȳSH� � MSE�ȳr�−
(
1
r
− 1

n

)(
1− �

Cy

Cx

)2

Y
2
C2

x

= MSE�ȳr�−
(
1
r
− 1

n

)(
1− Sxy

SxSy

Sy/Y

Sx/X

)2

Y
2 S2

x

X
2

= MSE�ȳr�−
(
1
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