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ABSTRACT

We propose ratio estimators that can be used under unequal probability designs by
adapting Horvitz-Thompson estimators to ratio estimators in literature. Mean square error
(MSE) of all proposed ratio estimators is obtained and compared with the MSE of
classical estimators. By these comparisons the conditions, which make each proposed
estimator more efficient than the classical one, are found. The theoretical results are
supported by a numerical example.
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1. INTRODUCTION

The classical ratio estimate for finite population mean Y of the study variable y and
the mean square error (MSE) of this estimator are given by
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respectively. Here y is the sample mean of the study variable; X is the sample mean of

the auxiliary variable; f :W; n is the sample size and N is the population size. From

SO R=Y:

equation (1.1), R= in (1.2) is the population ratio. S, is the population
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covariance between the auxiliary and study variables; SX2 and Si are population

variances of auxiliary and study variables, respectively. Note that it is assumed that the
population mean X of the auxiliary variable x is known (Cochran, 1977).

When the population coefficient of variation and kurtosis of the auxiliary variable Cy
and ﬁz(x), respectively, are known, Sisodia and Dwivedi (1981), Singh and Kakran

(1993), Upadhyaya and Singh (1999) suggest ratio-type estimators for Y as
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where

Xsp =X+Cy; Xgp =X +Cy; X =X+B5 (X); Xgx =X +By(X);

ZJSlZYBZ(X)"'Cx; XUSlz)zBZ(X)J"Cx; Xus2 = XCy +B2(X); >zusz :ch +ﬁ2(x).

The MSE equation of these estimators is given by
1-f
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These estimators are developed assuming that the sample is selected from population
with equal probability under simple random sampling, whereas Kadilar and Cingi (2003;
2005) analyze these estimators in the stratified random sampling and Rueda et al. (2006)
examine them under various sampling designs. However, none of these studies consider
those estimators for the unequal probability design. Therefore, this paper aims to
investigate these ratio-type estimators when the unequal probability design is made.

2. THE SUGGESTED ESTIMATORS

For unequal probability design in which i unit is selected with probability
proportional to size, ; , the generalized ratio estimator can be written as
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where Yyr =N o and Xy =—_§‘1n— are Horvitz-Thompson type estimators of the
i=1Ti; i=1 T

population means of the study and auxiliary variables, respectively (Thompson, 2002).

The MSE of the estimator in (2.1) is
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where, m; is probability that the i"
yi =y, —Rx. and =

and j" units are both in the sample,
j =m;. When the sample is selected without replacement with
selection probabilities proportional to size, we can define,
{MT—miJJ{MT—mJ—J (MT—mi—ij (MT_miJ
n n n n
m =1- and m=1--——=. Here
M M
n n
N
M; =Y. m; and mj; is the number of units in i set. Note that the classical ratio estimator
i=1
is a special case of the generalized ratio estimator under the simple random sampling, in
n(n-
which = - and Tj :M
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(Thompson, 1990; Thompson and Seber, 1996).
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and similarly, we can also re-write (1.7) as
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where y; =y, —R.x; k=SD, SK, US1, US2,

Therefore, we can rewrite the MSE equation of classical estimators, (1.2), as
= 1
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Combining the estimators given in the Section 1 and Horvitz-Thompson ratio type
estimator given in (2.1), we propose following estimators:
XSDHT
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and
Using (2. 2), the MSE of the proposed estimators can be given by
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where y; =y, —R.x ; k=SD, SK, US1, US2.
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3. EFFICIENCY COMPARISONS

In this section, we compare the MSE of proposed ratio estimators, given in (2.9), with
the MSE of classical ratio estimator under unequal design, given in (2.2), as follows:

MSE(Vprk ) <MSE(Yur):  k=SD, SK, USL, US2.
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. When the condition (3.1) or (3.2) is satisfied, proposed

ratio estimators given in (2.5)-(2.8) are more efficient than the classical ratio estimator
under unequal sampling design given in (2.1).

We also compare the MSE of proposed ratio estimators with the MSE of classical
ratio estimators using the equations (2.9) and (2.4) and we obtain the following condition:

MSE (Ve ) < MSE (i)

N
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T When the condition (3.3) is satisfied, proposed Sisodia-Dwivedi
ratio estimator given in (2.5) is more efficient than the classical Sisodia-Dwivedi ratio
estimator given in (1.3). Similarly, when the condition (3.3) is satisfied, proposed Singh-
Kakran ratio estimator given in (2.6) is more efficient than the classical Singh-Kakran
ratio estimator given in (1.4). These results are also valid for Upadhyaya-Singh
estimators.
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4. NUMERICAL EXAMPLE AND MAIN RESULTS

We consider a real finite population presented in Cochran (1977) on page 34. This
data set concerns food cost (as study variable), weekly income (as auxiliary variable) and
size of 32 families (as mi). Note that we omitted the data of 1 family because it was an
outlier. By these data, computing the MSE of classical and proposed ratio estimators
using (2.2), (2.4) and (2.9), we compare these estimators with each other with respect to
their MSE values.

Table-1
Data Statistics
N =32 Y =27.0625 R =0.3707
n=10 X = 73.0000 Rsp = 0.3700
M, =119 S, = 9.9846 Rk = 0.3749

1 =0.5373 S, =10.4140 Rus; = 0.3716
5=-0.0710 | B,(x)=-0.8141 | Rys, = 0.4022

In Table 1, we observe the statistics about the population. We take sample sizes as
n =10, 15, 20 and in Table 2 values of MSE are given for each sample size. From these
values, we see that all estimators under unequal probability design have smaller MSE
than estimators under equal probability design for all sample sizes. We would like to
remark that the condition (3.3) is satisfied for all sample sizes.

Table 2
MSE Values of Ratio Estimators for Various Sample Sizes
MSE Values

n=10 Equal Probability Unequal Probability
classical ratio estimator 8.1762 6.9741
Sisodia-Dwivedi 8.1754 6.9508
Singh-Kakran 8.1807 7.1117
Upadhyaya-Singh 1 8.1771 7.0030
Upadhyaya-Singh 2 8.2188 8.1445

n=15
classical ratio estimator 5.2096 4.1248
Sisodia-Dwivedi 5.2091 4.1105
Singh-Kakran 5.2125 4.2104
Upadhyaya-Singh 1 5.2102 41428
Upadhyaya-Singh 2 5.2368 4.8657

n=20
classical ratio estimator 3.7263 2.7264
Sisodia-Dwivedi 3.7260 2.7164
Singh-Kakran 3.7284 2.7863
Upadhyaya-Singh 1 3.7267 2.7389
Upadhyaya-Singh 2 3.7458 3.2535
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It is worth to point out that the proposed Sisodia-Dwivedi estimator has a smaller
MSE than the classical ratio estimator under unequal probability design for all sample
sizes. It is an expected result because (3.2) is satisfied as,

R =0.3707 ; Rsp = 0.3700

and R+ Rgp>1t=0.5373;forn=10
R+ Rgp>1=0.5662 ; forn=15
R+ Rgp>1t=0.5852; forn=20

for the proposed Sisodia-Dwivedi estimator. However, the condition (3.1) is not satisfied
by the other proposed estimators (proposed Singh-Kakran, proposed Upadhyaya-Singh 1
and 2) for this data set so they have bigger MSE values than the classical ratio estimator
under unequal probability design.

As expected, MSE values decrease when the sample size increases for all estimators.
In addition, we would like to point out that the order of MSE values of the estimators
from smaller to bigger are similar in both equal and unequal probability designs.
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