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Abstract. A module M is called @-supplemented if every submodule of M has a supple-
ment that is a direct summand of M. It is shown that if M is a @-supplemented module
and r(M) is a coclosed submodule of M for a left preradical r, then r(M) is a direct
summand of M, and both r(M) and M/r(M) are @-supplemented.
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1 Introduction

Throughout this paper, R denotes an associative ring with identity and all modules
will be unitary right R-modules. Let M be an R-module. A submodule A of
M is said to be small in M (denoted by A < M) if for any submodule B of M,
M = A+ B implies M = B. A module M is called hollow if every proper submodule
of M is small in M. Let N and L be submodules of M. N is called a supplement
of L in M if it is minimal with respect to the property M = N + L, equivalently,
M=N+Land NNL < N. N is called a supplement submodule of M if N is a
supplement of some submodule of M. If every submodule of M has a supplement
in M, we call M supplemented. The module M is amply supplemented if for any
submodules A, B of M with M = A + B, there exists a supplement P of A such
that P < B. The module M is called weakly supplemented if for every submodule
N of M, there exists a submodule K of M with M = N+ K and NN K <« M.
Clearly, we have the following hierarchy: amply supplemented = supplemented =
weakly supplemented.
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Let M be a module and B < A< M. If A/B <« M/B, then B is called a co-
essential submodule of A in M. The submodule A of M is called coclosed if A has no
proper co-essential submodule in M. We will call B an s-closure of Ain M if B is a
co-essential submodule of A in M and B is coclosed in M. The module M is called
lifting (see [4, 6]) if M is amply supplemented and every supplement submodule
of M is a direct summand. As a generalization of lifting modules, Mohamed and
Miiller [6] called an R-module M @-supplemented if every submodule of M has
a supplement that is a direct summand of M. In recent years, @®-supplemented
modules have been extensively studied (see [2, 3, 5]). It is shown in [2, Theorem
1.4] that a finite direct sum of @-supplemented modules is @-supplemented. It
is well known that any direct summand of a lifting module is a lifting module
(see [6, Lemma 4.7]). In [6, p.107] Mohamed and Miiller wondered whether the
@-supplemented property is inherited by direct summands. This question is still
unanswered. It is not our purpose to solve it. We will touch on only some special
cases. In particular, we prove the following theorem:

Let R be a ring, r a left preradical for the category of right R-modules and
M an R-module such that r(A) has a unique s-closure in M and every direct
summand of r(M) has an s-closure in M. Then M is @-supplemented if and only
if M = My & M, is a direct sum of @-supplemented modules M7 and My such that
r(My) < My and r(Msz) = Ma.

2 Results

To prove the main result of this paper, we will need the following properties of a
left preradical = in the category of right R-modules:

(i) (M) is a submodule of M for every right R-module M.
(ii) r(My & My) = r(My) ® r(Ms) for all right R-modules M; and M.

(i) @(r(M)) C r(M’) for every homomorphism ¢ : M — M’ of right R-modules
M and M'.

For the definition and basic properties of left preradicals, we refer the reader
to [8].

Lemma 2.1. Let R be a ring and r be a left preradical in the category of right
R-modules. If M is a @-supplemented R-module, then M = My & Ms such that
T(Ml) < M and T(Mg) = M>.

Proof. Since r(M) < M, there exists a decomposition M = M; @ Ms such that
M =M, +r(M) and r(My) = My Nr(M) < My. Now M = My + r(My) + r(Ms)
= M; @ r(Ms) implies that r(Mz) = Mo. O

Lemma 2.2. Let M = My ® M, be a weakly supplemented module. Let N and K
be submodules of M such that N < My and K < Ms. If E is an s-closure of N
in M and F is an s-closure of K in M, then E ® F is an s-closure of N & K in
M.
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Proof. Let X be a submodule of M with £+ F < X and

N+K+ X M
E+F E+F E+F

Since E is an s-closure of N in M, we get K + E + X = M. As F is an s-closure
of K in M, we have E + F + X = M, and hence X = M. Therefore, E + F
is a co-essential submodule of N 4+ K in M. On the other hand, since F and F
are coclosed, there exist submodules E/ < M; and F’ < M, such that F is a
supplement of E' in M; and F is a supplement of F’ in My (see [4, Lemma 1.1]).
Moreover, we have (E+ F)N(E'+ F') < (E4+F+E)NF' +(E+F+F)NE' <
(Mi+F)NF +(FE+M)NE <FNF +ENE < E+F. Hence, E+ F is a
supplement submodule of M. Thus, E + F is coclosed in M. It follows that £+ F
is an s-closure of N @ K in M. a

The proof of the next result is exactly the same as that of [3, Proposition 2.5].

Proposition 2.3. Let M be a nonzero module and let N be a submodule of M such
that for each decomposition M = My @& My of M, we have N = NN M; ® N N Ms.
If M is @-supplemented, then M /N is @-supplemented. If moreover N is a direct
summand of M, then N is also ®-supplemented.

Proof. Let L be a submodule of M with N < L. Since M is ®-supplemented, there
exist submodules K and K’ of M such that M = K @ K’ and K is a supplement of
L in M. By [10, Lemma 1.2(d)], (K + N)/N is a supplement of L/N in M/N. On
the other hand, we have (K + N)N(K'+ N)= (K& NNK)N(NNK®K') =
NNK&NNK'=N. Thus,

K—i—N}@{K’—i—N}

M:[ N N

Therefore, M/N is @-supplemented.

Now suppose that N is a direct summand of M. Let U be a submodule of
N. Since M is @®-supplemented, there exist submodules V and V' of M such that
M=VaeV M=U+V,andUNV « V. Thus, N = U+ V NN. But
by hypothesis, N = VNN @ V' N N. Hence, VN N is a direct summand of N.
Moreover, UN(VNN)=UNV « V. Then UN(VNN) < VNN by [10, Lemma
1.1(b)]. Therefore, V N N is a supplement of U in N and it is a direct summand of
N. Thus, N is @-supplemented. O

In the statements of Theorem 2.5 and Corollaries 2.4, 2.6 and 2.7, r denotes a
left preradical for the category of right R-modules for a fixed ring R.

Corollary 2.4. Let M be a nonzero ®-supplemented R-module. Then M /r(M) is
@-supplemented. If moreover r(M) is a direct summand of M, then r(M) is also
®-supplemented.

Proof. By Proposition 2.3. O
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Now we can give the main result of this paper.

Theorem 2.5. Let M be an R-module such that r(M) has a unique s-closure
in M and every direct summand of r(M) has an s-closure in M. Then M is @-
supplemented if and only if M = My & Ms is a direct sum of ®-supplemented
modules My and My such that r(My) < My and r(Ms) = Ms.

Proof. The sufficiency follows from [2, Theorem 1.4]. Conversely, suppose that M
is @-supplemented. By Lemma 2.1, M = M; & Ms such that (M) < M; and
r(Mz) = Ms. Therefore, r(M)/My = (r(My) ® r(Mz))/Ms < M/M,. This means
that My is the (unique) s-closure of r(M) in M.

Let M = K ® K’ be any decomposition of M. Then r(M) =r(K) ®r(K’). By
hypothesis, there exist submodules L and L’ of M such that L is an s-closure of
r(K) and L' is an s-closure of 7(K’) in M. From Lemma 2.2, L & L’ is an s-closure
of r(K)®r(K’) in M, ie., L ® L' is an s-closure of (M) in M. It follows that
My =L@ L. Thus, My = My N K @ My N K’'. Applying Proposition 2.3, M /M,
and M, are @-supplemented. This proves the theorem. O

Corollary 2.6. Let M be an amply supplemented R-module such that r(M) has
a unique s-closure in M. Then M is ®-supplemented if and only if M = My & My
is a direct sum of ®-supplemented modules My and My such that r(M;) < M;
and r(Ms) = Ms.

Proof. By Theorem 2.5 and [4, Proposition 1.5]. O

Corollary 2.7. Let M be an R-module such that r(M) is a coclosed submodule of
M. Then M is @-supplemented if and only if M = r(M)@ M’ for some submodule
M’ of M and both r(M) and M’ are ®-supplemented.

Proof. Suppose that M is @-supplemented. Since r(M) is a coclosed submodule of
M, r(M) is a supplement in M by [4, Lemma 1.1]. Hence, every direct summand
of r(M) is a supplement in M. Thus, every direct summand of r(M) has a unique
s-closure in M. By Theorem 2.5, M = M’ @& M" is a direct sum of &-supplemented
submodules M’ and M" such that r(M') < M" and r(M") = M". Thus, r(M) =
r(M')y® M"”. But r(M) is a supplement submodule of M. Then r(M') < r(M)
by [10, Lemma 1.1(b)]. Hence, r(M) = M"” and r(M’') = 0, and the proof is
complete. O

A module M is called coatomic if every proper submodule is contained in a
maximal submodule. Let M be an R-module. By P(M) we denote the sum of all
radical submodules of M. If P(M) = 0, M is called reduced. P is a left preradical
for the category of right modules.

Corollary 2.8. Let R be a local commutative noetherian ring and M be an R-
module. Then M is @-supplemented if and only if M = P(M) & K is a direct sum
of @-supplemented modules P(M) and K such that K is coatomic and reduced.
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Proof. Suppose that M is @-supplemented. By [7, Corollary 2.5, M = P(M)+ X,
where X is coatomic and P(M) is a sum of finitely many hollow modules. It is
easily seen that P(M) is a supplement of X in M (see [10, Lemma 1.3(a)]). By
Corollary 2.7, M = K @ P(M) such that P(M) and K are @-supplemented. Since
K is supplemented, taking account of [7, Corollary 2.5], K is coatomic. It is clear
that K is reduced. O

Lemma 2.9. Let M = My & Ms. Then M,y is ®-supplemented if and only if for
every submodule N/My of M /M, there exists a direct summand K of M such that
K<My, M=K+ N and NNK < M.

Proof. Suppose that M is ®@-supplemented. Let N/M; be any submodule of M /M.
As M, is @-supplemented, there exists a decomposition My = K @ K’ such that
My = (NNM;)+ K and NN K <« K. Note that M = (N N Ms) + K + M; gives
M=N+K.

Conversely, suppose that M /M; has the stated property. Let H be a submodule
of Ms. Consider the submodule (H & Mj)/M; < M/M;. By hypothesis, there
exists a direct summand L of M such that L < My, M = (L + H) + M; and
LN (H+ M) <« M. By modularity, Mo = L + H. By [6, Lemma 4.2(2)], LN H
< L. Thus, L is a supplement of H in M, and it is a direct summand of M.
Therefore, M is @-supplemented. O

Theorem 2.10. Let My be a direct summand of a ®-supplemented module M such
that for every direct summand K of M with M = K + My, K N My is a direct
summand of M. Then My is ®-supplemented.

Proof. Suppose that M = M; & My and let N/M; < M/M;. Counsider the sub-
module NN M, of M. Since M is ®-supplemented, there exists a direct summand K
of M such that M = (NNMsy)+ K and NNMyNK < K. Note that M = N + Ms.
By [4, Lemma 1.2], M = (K N M)+ N. Since M = K + My, K N M> is a direct
summand of M by hypothesis. By Lemma 2.9, M is &-supplemented. a

Corollary 2.11. Let M be a ®-supplemented module and K be a direct summand
of M such that M/K is K-projective. Then K is ®-supplemented.

Proof. Let L be a direct summand of M with M = L + K. Since K is a direct
summand of M, M = K @ K’ for some submodule K’ of M. Therefore, K' is
K-projective. Then by [9, 41.14], there exists a submodule L' of L such that
M=L@®K. Now L =L & (LN K) implies that L N K is a direct summand of
M. By Theorem 2.10, K is &-supplemented. a

Corollary 2.12. Let M = M, & My be a direct sum of a submodule My and
a ®-supplemented submodule My such that My is Mi-projective. Then M is &-
supplemented if and only if M, is ®-supplemented.

Proof. If M is @-supplemented, then M; is @-supplemented by Corollary 2.11.
Conversely, if M is @-supplemented, M is @-supplemented by [2, Theorem 1.4]. O
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Ezxample 2.13. Let R be a ring which is either right noetherian or commutative, and
let M = @, H; be a right R-module which is the direct sum of hollow artinian
modules H;. By [1, Proposition 2.63], every direct summand of M is a finite direct
sum of hollow modules. Therefore, any direct summand of M is @&-supplemented
by [2, Corollary 1.6].
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