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Abstract

In this note we introduce CCS A-modules and weak lifting modules
as two generalizations of lifting modules. We obtain some properties,
characterizations and decompositions of C'C'S B-modules and weak lifting
modules. A

1. Introduction

In what follows, all rings have identities and all modules are unital right mod-
ules. W < M and N < M mean IV is a submodule and N is a small submodule
of M, respectively, Tad(Af) and See[M) will indicate the Jacobson radical of
M and the socle of M, respectively.

Let 1 be a ring and M an H-module. Let K be a submodule of M. A
supplernent of K in M is a submodule & of M minimal with respect to the
property M = N+ K, equivalently, M = N+ K and NNK = N, A submodule
N of M is called a supplement in M provided there exists a submodule K of
M such that N is a supplement of £ in M. It is casy to check that if NV is
a supplement in M, then Rad{(N) = N n Rad{M). The module M is called
amply supplemented if for any two submodules 4 and B with M = A+ B, B
conteins a supplement of 4 in M,

Lot M be a module and & a submodule of M. Following [4], NV is called
coclosed in M if N/K <« M/K implics N = K for all submodules X of M
contained in NV, The module M is called Efting if for every submodule IV of
M there is a direct sunumand K of M such that K < N and N/K < M/K.
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From [9, 41.12], M is lifting if and only if M is amply supplemented and every
supplement submodule of M is a direct summand of M.

In [8], P.F. Smith introduced weak C'S-modules and C ESS-modules to gen-
eralize C'S-modules. In this note, as two generalizations of lifting modules we
introduce weak lifting modules and CCSR-modules as follows, which are dual
to weak C'S-modules and CESS-modules, respectively. Any module M will be
called & weak lifting module provided, for each semisimple submodule N of M,
there exists a direet summand K of M such that K < N and N/K < M/K.
Any module M will be called & CCSRE-medule if, M iz amply supplemented
and overy coclosed submodule ¥ with Rad(N) < N is a direct summand
of M. Clearly an amply supplemented module M with Rad(AM) = M is a
CCSR-module and a quasi-projective CCSR-module is lilting by [9, 41.15].
Therefore by |3, Exercises 21.17(8)], amply supplemented divisible Z-modules
are O'C'S B-modules. It is easy to check that the ring of integers & is weak lifting
as a Z-module, but is neither lifting nor CCSR. More generally, any module
M with Soc{M) =0 is weak lifting. Therefore every torsion-free Z-module is
weak lifting by [9, Exercises 21.17{8)].

We start with the following fundamental lemma.

Lemma 1.1 Let N be a submodule of any module M. Consider the following
statements;

i. N i a supplement in M.
£ N iz coclosed in M.
3 for all K < N, K < M implies K << N.

Then {1)==(8)==(3) holds. If M is amply supplemented then (3)==(1)
holds.

Proof Clear by definitions. (i}
Lemma 1.2 Any CCSR-module M with Rad{M} < M dis lifting.

Proof Let N be a coclosed {equivalently, supplement) submodule of Af. Since
Rad(MN) < Rad(M), then Rad(N) < M. By Lemma 1.1, Rad{/N) < N. Since
M is CCSR, then N is a direct summand of M. Hence M is lifting, O

Proposition 1.3 Let M be o module.
i. If M is a lifting module then M is ¢ CCSR module,
2 IfM is a OCER-module then M is a weak [ifting module.

Proof {1} Let M he a lifting module. BEvery coclosed submodule of M is a
direct summand. Hence M is CCSR. (2) Assume M is a CCSE-module. Let







