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Abstract

In this work, we study the structure of modules M satisfying lifting
homomorphism f: M — M/N, where M/N is isomorphic to a coclosed

submodule K of M.

1. Introduction

Throughout this note K will denote a ring with identity and M a
unital right B-module. N << M will mean N is a small submodule of M.

J(R) will indicate the Jacobson radical of any ring E.

Let R be a ring and M be an R-module. Let N be a submodule of M. A
submodule K of M is called supplement of N in M provided that K is
minimal with respect to the property M = N + K, equivalently,
M=N+K and N K << K. A submodule K of M is called a
supplement in M provided there exists a submodule N of M such that K 1s
a supplement of NV in M. If every submodule of M has a supplement in M,
then M is called supplemented. A submodule N of M is called coclosed in
M if there is no proper submodule K of N with N/K << M/K. Clearly,
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every supplement submodule is coclosed and every direct summand of M

1s a supplement.
We need the following conditions in this note.

(D;) For every submodule N of M there is a decomposition
M = M; & M, such that M; < N and N (1 My << M,.

(Dy) Every submodule N of M with M/N isomorphic to a direct

summand of M is itself a direct summand of M.

(D3) For any direct summands M; and M, of M such that
M = M, + Mo, the submodule M, [| M, is also a direct summand of M.

The module M is called lifting (discreté or quasi-discrete) if it is (D)
({(D,) and (D) or (D;) and (D3)). These classes of modules are studied
extensively in [5] and [6]. By [5, Proposition 4.38], every quasi-projective
module 1s (D5).

Let M be a module. Then M is called a G@-injective (generalized
quasi-injective) module if for any submodule N which is isomerphic to a
complement K of M every homomorphism from N into M may be extended
to 2 homomorphism of M. In this note as a proper generalization of quasi-
projective modules we introduce G@-projective (generalized quasi-
projective) modules which are dual to GQ-injective modules. Any module
M is called GQ-projective if for any submodule N of M with M/N

isomorphic to a coclosed submodule K of M, every homomorphism from M
to M/N can be lifted to a homomorphism of M. In this note we prove
that everv G@-projective module is (Ds) (Proposition 2.4), and a module
M 1s discrete if and only if it is lifting and G@-projective (Theorem 2.7).
Let M be a module. Following [6], M is called amply supplemenied if
for every two submodules A and B of M with M = A + B, B contains a

supplement of 4 in M (amply supplemented modules are called
supplemented in [5]). It is not hard to see that if the module M is amply
supplemented, then every coclosed submodule of M is a supplement.






