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We analyze theoretically a scheme that produces spin squeezing via the continuous swapping of atom-photon
entanglement into atom-atom entanglement, and propose an explicit experimental system where the necessary
atom-field coupling can be realized. This scheme is found to be robust against perturbations due to other atom-field
coupling channels.
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I. INTRODUCTION

A spin ensemble prepared in an atomic coherent state
(ACS) [1] can be used to perform measurements with precision
limited by the standard quantum limit (SQL) S⊥   |S|/2,
where S is the spin vector and S⊥ is the orthogonal spin
component that is measured. One way to overcome that
limit is by using squeezed spin states (SSSs) [2] in which
the uncertainty in one of the orthogonal spin components
is reduced below the SQL. It has however proven difficult
to achieve spin squeezing experimentally. Its realization
requires some kind of nonlinear coupling between spins [2,3],
but intrinsic spin-spin interactions are normally quite weak,
resulting typically in small amounts of squeezing [3–6].
This difficulty can be circumvented by exploiting the
stronger spin-spin couplings that can be mediated by optical
interactions. This was recognized early on, and the generation
of SSS by quantum state transfer from squeezed light has been
studied since the early 1990s [7–10]. Recent work also considered both theoretically [11,12] and experimentally [13–15] the
collapse of the state of a spin system to a SSS resulting from
a measurement on the light field coupled to that ensemble.
A promising method proposed by Takeuchi et al. [16]
involves interacting an optical field twice with the atomic
ensemble, the second interaction taking place after the optical
field polarization is rotated and it is reflected by a polarizer and
mirror combination. The first interaction entangles a photon
with an atom in the ensemble, and the second interaction
couples that same photon to a second atom. As a result
the photon swaps the entanglement [17–21] between the
two atoms and produces a SSS. This method was recently
demonstrated in a cavity configuration by Vuletic and coworkers [22].
In this paper we consider an alternative scheme that couples
the optical field and the atoms in such a way that entanglement
swapping takes place in a single path. Like the scheme of
Ref. [16], this method requires only a coherent light pulse
and linear optics elements, but it is simpler than Takeuchi’s
approach in that does not require the mirror and polarizer,
nor does it require an optical resonator as in the experiments
of Vuletic et al. As such, it should be widely applicable. The
required interaction can be realized for example in alkali-metal
atoms for an appropriate choice of atom-field detunings.
The interaction Hamiltonian that achieves that goal has the
form
Ĥ = α(Jˆ+ Ŝ+ + Jˆ− Ŝ− ),
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(1)

where α is the coupling strength, Ŝ± are the ladder operators
for the spin-S system, and
†
†
Jˆ+ = Jˆ− = â− â+ ,
†
†
Jˆz = 12 (â− â− − â+ â+ )

(2)

are similarly the Schwinger representation operators for the
†
two optical modes of polarizations σ+ and σ− , where â+ ,â+
†
and â− ,â− are the corresponding annihilation and creation
operators [23,24]. The operators Ŝ and Ĵ obey angular
momentum commutation relations
[Ŝi ,Ŝj ] = iij k Ŝk ,
[Jˆi ,Jˆj ] = iij k Jˆk ,

(3)

where the indices {i,j } stand for the x,y, and z vector
components.
This paper is organized as follows: We begin in Sec. II
by discussing a possible experimental realization of the
Hamiltonian (1) involving electric dipole transitions in alkalimetal atoms such as 87 Rb. Section III summarizes some key
aspects of the average spin dynamics, and compares it to the
situation for the model system Ĥ ∝ Ŝz2 originally considered
by Kitagawa and Ueda [2]. Section IV then turns to a discussion
of the generation of spin squeezing per say, and comments on
its physical origin in the swapping of entanglement from the
spin-photon system to pairs of atoms. Finally, Sec. V is a
summary and conclusion.
II. EXPERIMENTAL REALIZATION

One possible way to realize an interaction Hamiltonian
of the form (1) is by coupling the two 5 2 S1/2 hyperfine
states |F = 1, mF = ±1 of 87 Rb to the F  = 0 and F  = 1
hyperfine manifolds of the 5 2 P3/2 state with two optical fields
of opposite circular polarizations and detunings −± and δ±
(see Fig. 1). The electric dipole coupling constants between
the |F = 1, mF = −1 ground state and the |e1  = |F  = 0,
mF  = 0 excited state, and between the |F = 1, mF = −1
ground state and the |e2  = |F  =1, mF  = 0 excited state,
√
are g−,e1 = 1/6 and g−,e2 = 5/24, respectively. For
the transitions from the mF = 1 ground√state, the corresponding
coupling constants are g+,e1 = 1/6 and g+,e2 =

− 5/24 [25].
Since the magnitudes of the ratio of the couplings are equal
for both σ± transitions, the situation simplifies considerably
for the choice of detunings + = − =  and δ+ = δ− = δ.
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FIG. 1. Hyperfine states of 87 Rb on the D2 transition line. The
two ground states |F = 1, mF = ±1 are optically coupled to the excited states |e1  = |F  = 0, mF  = 0 and |e2  = |F  = 1, mF  = 0
by σ± -polarized light. The detunings of the two modes are chosen
such that the diagonal terms in Eq. (4) vanishes, resulting in the model
Hamiltonian (1).

After adiabatic elimination of the excited levels the atom-field
coupling Hamiltonian becomes then (h̄ = 1)


|g−,e2 |2
|g−,e1 |2
†
†
−
Ĥ =
ψ̂− ψ̂− â+ â+
δ



|g+,e2 |2
|g+,e1 |2
†
†
−
+
ψ̂+ ψ̂+ â− â−
δ


 ∗
∗
g−1,e
g
g−,e1 g+,e1
†
†
2 +,e2
−
+
ψ̂− ψ̂+ â− â+ + H.c.,
δ

(4)
†

where ψ̂± and ψ̂± are annihilation and creation operators
for the atomic hyperfine states 5 2 S1/2 |F = 1, mF = ±1. A
further simplification follows from the fact that the diagonal
terms in that Hamiltonian vanish for

Ĥku = α Ŝz2

2

(5)

(a)

1
x

〈S 〉

∗
g
with the off-diagonal terms remaining nonzero since g−,e
1 +,e1
∗
and g−,e2 g+,e2 have opposite signs [26,27]. Under these
conditions the Hamiltonian (5) maps precisely to the model
Hamiltonian (1), provided that it is generalized to the case
of N identical atoms and that we introduce the Schwinger
representation (2).
We did not comment so far on the choice of quantization
axis. The situation discussed here appears to be highly symmetrical, and one might therefore wonder if the combination
of σ− and σ+ polarization fields may be viewed as a single
field with linear polarization in the x direction. While this
argument would be valid when considering classical fields,
the situation is more subtle for quantized fields: in that case
the combination of two circularly polarized quantized field
modes cannot in general be thought of as equivalent to a single
linearly polarized field. That this is the case is immediately
apparent from the fact that the nature of the Hilbert spaces
describing these two systems are vastly different, one case
being described by the product of two harmonic oscillators
Hilbert spaces and the other by a single harmonic oscillator.

(6)

which has been discussed in detail by Kitagawa and Ueda
in Ref. [2] and for which the squeezing features are well
understood.
To set the stage for the discussion, Figs. 2(a)–2(c) compare the expectation values Sx , Sy , and Sz  for the
Hamiltonians (1) and (6) for the small spin value S = 2 and
J = 2. Figure 3 shows these same expectation values for S = 2
and J = 8. In these examples z is the propagation direction
of the optical fields, and both the optical fields and the spin
system are initially polarized along the x direction, so that
S(0) = Sx and J(0) = Jx .

0
−1
−2
4

15

δ
|g±,e1 |2
=
= 20,

|g±,e2 |2

The Hamiltonian (1) is not solvable exactly, in contrast to
the more widely studied Jˆz Ŝz interaction, and consequently our
discussion is largely restricted to the presentation of selected
numerical results. We start with the expectation value of the
spin operators Sx , Sy , and Sz , concentrating on features
that will prove useful in the understanding of squeezing in
the following section. We also compare these values to the
corresponding results for the Hamiltonian (h̄ = 1)
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This difference can lead to significant differences in system
dynamics, as was previously discussed, for example, in the
case of atom interferometry [28]. What this means in the
present context is that we implicitly assume a quantization
axis along the z direction, and the following analysis follows
explicitly from that choice. If we had instead chosen the
quantization axis along x, then a single linearly polarized field
would induce only transitions from |F = 1, mF = 0, leading
to a qualitatively completely different behavior. As such, the
present proposal relies in a fundamental way on the quantized
nature of the light fields.
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FIG. 2. Time evolution of the expectation values Sx , Sy , and
Sz  for the Hamiltonians (1) (solid line) and (6) (dashed line) for
S = 2 and J = 2. Note the vastly different vertical scales on the plot
for Sx , compared to those for Sy  and Sz , whose amplitudes are
15 orders of magnitude smaller. Time in units of π/α.
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indicative of large time intervals during which Sx  = 0
for large enough values of S. A similar behavior is found
numerically for the Hamiltonian (1) (as illustrated in Fig. 4).
This is a further indication of the close resemblance between
the spin dynamics in the two systems.
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We now turn to a discussion of spin squeezing. Since to
an excellent degree of approximation the spin S of the atomic
ensemble always points along x we concentrate on the onset
of squeezing in the (y,z) plane. We characterize the amount of
squeezing and the associated spin-spin entanglement in terms
of the ratio
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FIG. 3. Time evolution of the expectation values Sx , Sy , and
Sz  for the Hamiltonians (1) (solid line) and (6) (dashed line) for
S = 2 and J = 8. Increasing J induces an oscillatory behavior in
Sx . Note again the vastly different vertical scales for the three plots.
Time in units of π/α.

The most significant feature of these figures is that in all
cases Sy  and Sz  remain approximately equal to zero for all
times, that is, S(t) remains for all practical purposes along the
x axis. The present model predicts that Sy  and Sz  undergo
small oscillations [Fig. 3(a)] whose frequency increases with
J . This is in contrast to the situation for the Hamiltonian (6),
where these expectation values remain exactly zero for all
times. It is worth noting that the deviation of Sy,z  from zero
does not change significantly as S is increased (see Figs. 2
and 4).
For the Hamiltonian (6) we have that [2]
Sx  = S cos2S−1 (αt),

(7)

100

Scoh = (|S|/2)1/2 ,
that holds for a spin coherent state, as well as via the
parameter [3]
ξ2 =

2S(Sz̄ )2
,
Sx 2 + Sȳ 2

(9)

where
z̄ = cos(θz )ẑ + sin(θz )ŷ

(10)

is the squeezing direction [2], which corresponds to rotation
of the (y,z) coordinates about the x axis by an angle θz
[see Fig. 5(b)]. As is well known, ξ 2 < 1 is a signature
of the inseparability of the density matrix of the N -atom
system.
Figure 5(a) shows the time dependence of r (solid line) and
ξ (dotted line) as a function of time for S = 80 and J = 120.
As before z is the propagation direction of the optical fields,
and both the optical fields and the spin system are initially
polarized along the x direction, so that S = Sx and J = Jx .
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FIG. 4. Long-time behavior of Sx  for the Hamiltonians (1)
(solid line) and (6) (dashed line). Here S = 100 and J = 100 and
time is in units of π/α. Note again the vastly different time scales for
the three plots.

0

FIG. 5. (a) Time dependence of r(t) (solid line) and of ξ (t)
(dotted line) with ξ < 1 corresponding to quantum entanglement [3].
(b) Direction of spin squeezing in the (y,z) plane as a function of time.
The angle θz is defined with respect to z. Here S = 80, J = 120, and
time is in units of 1/α.
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FIG. 6. Time evolution of the expectation values corresponding
to Fig. 5: (a) Sx ; (b) Sy  (solid line) and Sz  (dotted line). Note
again the vastly different vertical scales for the two plots. Time in
units of 1/α.

We note that the dynamics of r(t) and of ξ (t) are perfectly
synchronized. This is of course not surprising, since atom-atom
correlations are a prerequisite to spin squeezing [29], otherwise
single-particle uncertainties would simply add up. Since the
spin direction remains essentially along x, spin squeezing
occurs in the (y,z) plane. It is initially along the y axis,
the direction perpendicular to the direction of propagation
of the optical field [see Fig. 5(b)] and it continuously evolves
to along the z axis. In Fig. 6 we depict the evolution of the spin
expectation values Sx  and Sy,z , corresponding to Fig. 5 in
order to justify that mean spin stays along the x axis.
The interplay between entanglement and spin squeezing is
illustrated in Fig. 7, which shows the reduced von Neumann
entropy of the light field
SJ = −Tr(ρ̂J ln ρ̂J )

(11)

and the Schmidt number K, obtained from the Schmidt
decomposition of the state of the atom-field system as

λi |φi,S |φi,J 
(12)
|ψ (S,J )  =
i
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FIG. 7. Swap of atom-photon entanglement into atom-atom entanglement. (a) Atom-atom entanglement parameter ξ (t) as a function
of time for S = 2 and J = 25. (b) von Neumann entropy Sf (t) (solid
line) of the optical field and Schmidt number K(t) − 1 (dashed line)
for the same parameters. Time in units of 1/α.
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FIG. 8. (a) Dynamics of the squeezing ratio r(t) for J = 60 (solid
line), J = 64 (dotted line), and J = 68 (dashed line) and fixed ratio
J /S = 2. The time t ∗ is the time of maximum squeezing. (b) Log-log
plot of t ∗ vs J , with a slope very close to −1. Time in units of 1/α.

as
1
K=

2
i λi

=

1
.
Tr(ρ̂J2 )

(13)

Figure 7(b) shows that K initially increases, a feature
indicative of increased entanglement between the optical
field and the atoms. For longer times, though, both K
and ξ (t) decrease, with ξ (t) eventually reaching a value
below unity indicative of spin squeezing. This behavior
is an unambiguous indication of the swapping of entanglement from the atom-field system to atom-atom entanglement. A similar entanglement swapping mechanism
was exploited in the proposal of Takeuchi et al. [16],
a key difference being that in their case a polarization rotator
and a mirror were used to achieve entanglement swapping in
a two-step process. In contrast, with the Hamiltonian (1) the
swap process occurs in a single path, without the need for any
optical component or cavity.
Figures 8(a) and 8(b) show the time t ∗ at which the first minimum of the squeezing parameter r(t) is reached as a function
of the photon number J . This dependence is approximately
inversely proportional to J , as evidenced by the slope of the
log-log plot of Fig. 8(b). This indicates that a key parameter
in the description of the system dynamics is the scaled dimensionless time J αt, and that one can reduce the interaction
time αt required to achieve maximum squeezing, and thereby
reduce decoherence effects, by simply increasing J .
Figure 9 shows the maximum attainable squeezing (minimum squeezing parameter r) as a function of the number of
spins S for as fixed photon number J and a fixed ratio of
spin to photon number S/J . We find that for fixed J , r scales
approximately as S −1/3 , similarly to the situation reported in
Ref. [2]. However, it is constant for a fixed ratio S/J , as
would be intuitively expected since in that case the number
of photons per atom that can result in entanglement swapping
remains constant.
We finally note that in practice it may not be possible to
perfectly eliminate the diagonal terms in the Hamiltonian (1).
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Figure 10 shows the effects on squeezing of an additional
interaction term of the form
Hdiag = β Jˆz Ŝz
(14)
illustrating the fact that for moderate coupling strengths of
order β = 0.1α it does not substantially effect the squeezing
dynamics. Even a much stronger diagonal term, with coupling
constant β = 0.5α does not have a significant impact: it
merely shifts the maximum squeezing to later times, after
a brief period of antisqueezing before reaching the first
squeezing region.

V. CONCLUSION

In conclusion we have proposed a simple scheme that
permits the realization of spin squeezing via the continuous swapping of atom-photon entanglement into atom-atom
entanglement. This scheme can be realized experimentally in
alkali-metals atoms driven by two mutually coherent optical
fields of orthogonal polarizations. We have also numerically
identified scaling laws that permit to predict the time at which
maximum squeezing is reached as a function of the number
of photons driving the atomic sample, and the maximum
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