
I. INPUT-OUTPUT FORMALISM FOR DIMENSIONLESS OPERATORS

We consider a single cavity mode interacting with a reservoir. An optical cavity is gen-

erally described by a Hamiltonian of the form[1]

H = Hsys +Hb +Hint, (1)

where Hsys is function of internal-mode operators only, Hb =
∑

k ~ωkb̂
†
kb̂k is the free Hamil-

tonian of the bath, and Hint = ~
∑

k gk(b̂†kâ + â†b̂k) describes the interaction between bath

and cavity field[1]. Heisenberg equation of motion can be obtained for a single mode cavity:

i~
db̂k
dt

= [b,H] = ~ωkb̂+ ~gkâ (2)

We can find the reservoir operator b̂k for (t > t0) [1]:

b̂k(t) = e−iωk(t−t0)b̂k(t0)− igk
∫ t

t0

e−iωk(t−t
′
)â(t

′
)dt

′
. (3)

Here the first term is the free evolution of the reservoir mode and the second term is the

interaction between harmonic oscillator and reservoir. We can find the reservoir operator b̂k

for (t1 > t) [1]:

b̂k(t) = e−iωk(t−t1)b̂k(t1) + igk

∫ t1

t

e−iωk(t−t
′
)â(t

′
)dt

′
. (4)

Heisenberg equation of motion for harmonic oscillator operator â is:

i~
dâ

dt
= [â, Ĥsys] + ~

∑
k

gkb̂k. (5)

Here â is the annihilation operator for the harmonic oscillator. By using Eq.(3) the operator

can be found for (t > t0)[1]:

dâ

dt
= − i

~
[a,Hsys]− i

∑
k

gke
−iωk(t−t0)b̂k(t0)

−
∑
k

g2k

∫ t

t0

e−iωk(t−t
′
)â(t

′
)dt

′
. (6)

In Eq. (8) the integral is I = −
∑

k g
2
k

∫ t

t0
e−iωk(t−t

′
)â(t

′
)dt

′
= η/2â(t) where η =

2πD(ω)g(ω)2,
∑

k → 2(L/2π)3
∫
d3k, and D(ω) = L3ω2/(π2c3). Here c is the velocity
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of light.

I = − L3

π2c3

∫ ∞
0

dωkω
2
kg

2
k

∫ t

t0

e−iωk(t−t
′
)â(t

′
)dt

′

= D(ω)g2(ω)

∫ ∞
−∞

dωk

∫ t

t0

e−iωk(t−t
′
)â(t

′
)dt

′
(7)

By using Eq.(4)

dâ

dt
= − i

~
[a,Hsys]− i

∑
k

gke
−iωk(t−t0)b̂k(t0)

+
∑
k

g2k

∫ t1

t

e−iωk(t−t
′
)â(t

′
)dt

′
. (8)

dâ

dt
= − i

~
[a,Hsys]−

η

2
â(t) + g(ω)âin(t)

= − i
~

[a,Hsys] +
η

2
â(t)− g(ω)âout(t). (9)

Evaluating the integrals and by using Eq.(9), we find the input-output relations for two-sided

cavity:

âout(t) + âin(t) = 2πD(ω)g(ω)â(t). (10)

A. Mechanical coupling to vibrations:A generalized problem for harmonic oscil-

lator reservoir

We consider a single harmonic oscillator coupling to vibrations(multi-oscillator heat

bath). The Hamiltonian is generally described by [1]

Ĥ = Ĥm + Ĥbm. (11)

Here the energy of harmonic oscillator is described by Ĥm = p2/2mn + 1/2mω2
mx

2. m is

the mass of the nanomechanical mirror that moving along the OX axis with abscissas x.

Ĥbm =
∑

n[p2n/2mn + 1/2mnω
2
n(x − qn)2] is the total Hamiltonian of the vibrations along

the x. The position and momentum are scaled by κn =
√
mnω2

n (qn = p̃n/
√
mnω2

n and

pn = −q̃n
√
mnω2

n). The Hamiltonian can be put in the form [1] (Eq.(9.2.21) p.279):

Ĥbm =
1

2

∑
n

[ω2
nq̃n

2 + (p̃n − κnx)2]. (12)
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In Eq. (12) commutation relation can be writen as: [q̃n, p̃n] = i~. Heisenberg time evolution

of the system for position and momentum operator are:

˙̃qn = p̃n − κnx;

˙̃pn = −ω2
nq̃n. (13)

We therefore define dimensionless operators:

ân =
ωnq̃n + ip̃n√

2~ωn

;

ân
† =

ωnq̃n − ip̃n√
2~ωn

. (14)

Solving the Heisenberg time evolution of the system, we can obtain time evolution of an(t) :

an(t) = e−iωn(t−t0)an(t0)− κn
√
ωn

2~

∫ t

t0

e−iωn(t−t
′
)x̂(t

′
)dt

′
. (15)

Similarly time evolution of x̂ and p̂ can be evaluated by using i~ ˙̂
O = [Ô, Ĥ]:

ẋ =
p

m
;

ṗ = −mω2
mx−

∑
n

κ2nx+
∑
n

κnp̃n. (16)

The position operator x and the momentum operator p are scaled by x̄ = x/
√

~/(mωm)

and p̄ = p/(
√
~mωm) respectively. The time evolution equation for p̄ is:

˙̄p = −ωm(1−
∑
n

κ̄n
2)x̄+

∑
n

κn√
m~ωm

i√
2

√
~ωn × {(â†n(t0)e

iωn(t−t0) − ân(t0)e
−iωn(t−t0))

− κn

√
ωn

2~

∫ t

t0

dt
′
(eiωn(t−t

′
) − e−iωn(t−t

′
))x̄(t

′
)dt

′}, (17)

In Eq.(17) (eiωn(t−t
′
) − e−iωn(t−t

′
)) = 2i sin(ωn(t − t′)) and we will get integration by part(

du = sin(ωn(t− t′)) v(t
′
) = x̄(t

′
))

˙̄p = −ωm(1−
∑
n

κ̄n
2)x̄+

∑
n

g(m)
n

i√
2

(â†n(t0)e
−iωn(t−t

′
) − â†n(t0)e

−iωn(t−t
′
))

+
∑
n

(g(m)
n )2[sin[ωn((t− t′))]x̄(t

′
) |t

t′=t0
−
∫ t

t0

(−1) cos[ωn(t− t′)] ˙̄x(t
′
)dt

′
], (18)

In Eq.(18) the integral is I2 =
∑

n(g
(m)
n )2[− sin[ωn((t− t0))]x̄(t0)− ωm/ωn

∫ t

t0
cos[ωn(t− t′)]p̄(t′)dt′

and
∑dr

r=0(g
(m)
n,r )2ωm/ωn = Gn(ωn). The first term in the integrand is zero. So the integral
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becomes I2 = −
∫ t

t0
p̄(t

′
)dt

′ ∑
nGn(ωn) cos[ωn(t − t

′
)]. ρ(ω)G(ω) is constant (nonzero

for only same frequency) and
∫∞
0
dω cos[ω(t − t

′
) = πδ(t − t

′
). Finally The integral is

I2 = −(π/2)ρ(ω)G(ω)p̄(t)

We derive time evolution equations for x̄ and p̄:

˙̄x = ωmp̄;

˙̄p = −ωm(1−
∑
n

κ̄n
2)x̄+ g(m)ε̂in − γmp̄, (19)

where ε̂in =
∑
i(â†n(t0)e

−iωn(t−t
′
)− â†n(t0)e

−iωn(t−t
′
))/
√

2 behaves like momentum. In Eq.(19)

γm = (π/2)ρ(ω)G(ω), G(ω) ∼= (g(m))2 and g(m) =
√

(mnωn)/mωmωn
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