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Abstract

R will be a ring with identity and modules M will be unital
right R—modules. In this paper, properties of modules having the
summand intersection property (SIP) and the summand sum prop-
erty (SSP) are studied. We study the direct sum of modules, the
SIP and the SSP. We add some results concerning characterization
of some rings by means of modules having the SIP or the SSP.
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1 Introduction

Let R be aring with identity and let M be a right R—module. M is said
to have the summand intersection property (briefly SIP) if the intersection
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of any two direct summands is again a direct summand. This definition is
given by Wilson [9] and later studied by the authors Garcia [4] and Hausen
[5]. Also Garcia consider the dual of the SIP, namely, M has the summand
sum property (briefly SSP) if the sum of any two direct summands is again
a direct summand.

This paper is divided into three different parts. In the second section of
the paper, we prove that a projective module M has the SIP if and only if
for any two direct summands A and B of M, A+ B is projective.

In Section 3, we deal with the SIP(resp. the SSP) property of modules
which are of the form M @ N where M (resp. N) is indecomposable. Also we
prove that if R®M has the SIP (resp. the SSP), then every cyclic submodule
of M is projective (resp. direct summand of M). Over a Noetherian domain
R, an injective R—module M is torsion free if and only if M & M has the
SIP. We show that for a projective R—module M such that & M has the
SSP for every index set A, then, M is semisimple. As an answer to the
question that when a direct sum of two modules having the SIP(resp. the
SSP) has the SIP(resp. the SSP), we prove the following. If M and N are
two R—modules having the SIP(resp. the SSP) such that (M )+7r(N) = R,
then M @& N has the SIP(resp. the SSP).

In the last section some new characterizations of hereditary rings, semisim-
ple rings and V-rings are given. Hence rings satisfying ”(*) Any direct sum
of modules having the SIP has the SIP” and ”(**) Any direct sum of mod-
ules having the SSP has the SSP” are considered at the end of the paper.

A ring R is called right (semi-) hereditary if each of its (finitely gener-
ated) right ideals is projective. A ring R is called a right V-ring if every
simple right R—module is injective. The right annihilator of a subset X
(resp. an element z) in an R—module M will be denoted by 7(X) (resp.
r(x)). N < M means that N is a submodule of M.

2 Characterization of modules with the SIP
and the SSP

In this section, we give some properties of modules having the summand
intersection property and modules having the summand sum property.
Recall that an R—module M is called a prime R—module if r(z) = r(y)
for every non-zero elements x and y in M.
Before we state our next result, one can easily show that for any sub-
module N of an R—module M, if N is injective, then N is a direct summand
of M.



In the following proposition, we give a condition under which an R—module

has the SIP.

Proposition 2.1 Let M be an injective and a prime R—module. Then M
has the SIP.

Proof Let M = A® A and M = B & B;. Since M is an injective
R—module, then A and B are injective R—modules. Let [ be an ideal of
R and f a nonzero R—homomorphism from I to AN B. Let i, : ANB —
A and i : AN B — B be the inclusion homomorphisms. Consider the
R—homomorphisms i; o f from I to A and i3 o f from [ to B. By Baer’s
Criterion, there exist a € A and b € B such that i; o f(w) = aw and
is 0 f(w) = bw for each w € I. Since each of i; and iy is a monomorphism,
iy o f(w) = f(w) and iy o f(w) = f(w). Therefore, aw = bw. Thus,
(a — b)w = 0. Assume that a # b. This implies a # 0 or b # 0. Suppose
that a # 0. Since w € r(a—0b) and M is prime, w € r(a) and so f = 0. This
is a contradiction. Therefore, a = b € AN B and hence, AN B is injective.
Thus, AN B is a direct summand of M. Il

The converse of the above proposition is not always true.

Example 2.2 There exist modules with the SIP that are not either injective
or prime.

Proof Consider M = Z/6Z as a Z—module. Then M is semisimple and
hence M has the SIP. But M is not injective [3]. Let 2,3 € M. Then

r(2) = 3Z and r(3) = 2Z. Hence M is not prime. d

The following theorem gives a characterization for modules with the SIP
and the SSP. The first part of this theorem appears in [5] and the second
part appears in [4, 2] . We give its proof for the sake of completeness.

Theorem 2.3 Let M be an R—module. Then

(1) M has the SIP if and only if for every decomposition M = A & B
and every R—homomorphism f from A to B, the kernel of f is a direct
summand of M.

(2) M has the SSP if and only if for every decomposition M = A & B
and every R—homomorphism f from A to B, the image of f is a direct
summand of M.

Proof (1) Assume M is a module with the SIP. Let M = A® B and f
an R—homomorphism from A to B. Let T' = {a + f(a)la € A}. To show
that M =T @& B, let + € M, then, x = a + b where a € Aand b € B.
Now, 2 = a + f(a) — f(a) +b. But a+ f(a) € T and —f(a) +b € B, so



M =T+ B. Now, let x € TN B. Hence, z = a + f(a), where a € A, and
soa=x— f(a) € AN B = 0. Therefore, f(a) = 0. Thus, z = 0. Since M
has the SIP, then 7'M A is a direct summand in M. It is easy to show that
TNA=Ker f,so Ker fis a direct summand in M.

The converse, assume that for every decomposition M = A @& B and every
R—homomorphism f from A to B, the kernel of f is a direct summand of
M. Let M =N&N;, M = K@ Kyandletmy, : M — Nyand g - M — K
be the natural epimorphisms. Now, define h = (my, o mx)/N. Notice that
h is defined from N to N;. Thus, Ker h is a direct summand of M. It is
easy to check that Ker h = (NN K)® (NN K;). Since NN K is a direct
summand of Ker h and Ker h is a direct summand of M, then N N K is a
direct summand of M.

(2) Assume that M is a module with the SSP. Let M = A @ B and f an
R—homomorphism from A to B. Let T' = {a + f(a)la € A}. As in the
first paragraph of the proof M =T @& B. By hypothesis, M = (A+T)& L
for some submodule L of M. Since AN Im f =0, it is easily checked that
A+T =A&Im f. Hence, Im f is a direct summand of M.

For the converse, assume that for every decomposition M = A@ B and every
R—homomorphism f from A to B, the image of f is a direct summand of
M. Let M =N&N,, M =K®&K,andletmy, : M — Nyand g : M — K
be the natural epimorphisms. Now, define h = (7n, o mx)/N. Notice that
h is defined from N to N;. Thus, Im h is a direct summand of M. Let
T = Im h. Then

T=(N+K)N(N+K)NNyand M =L <M.
Hence, Ny =T & (N; N L). Then,

(N+EK)N[(N+K)N(NiNL)] = [[N+K)N(N+K)NN]N(N,NL)
TN(N,NL)=0.

To show that N + K is a direct summand of M, it is enough to prove that
M=(N+K)+|[(N+K)n(NNL).
Since T'< N+ K and T < N + K;, the modular law and
M=NoeN,=Na[Te(NNnL)]=(NaT)d(N,NL)
imply

N+K = (N+K)N[(NaeT)® (N NL)
= (NeT)®[(N+K)N(N.NL)



and,

N+K, = (N+K)n[(NeT)® (NynL)
= (NeT)® [N+ K1)n (N, NnL).

Hence,

M = N+K+ K,
= (NeT)+[(N+K)Nn(NiNL)]+[(N+ K)N(NyNL)
C (N+K)+[(N+Ky)Nn (N nNL).

Thus, N + K is a direct summand of M and so M has the SSP. O

Using the first part of the previous theorem, it is easy to show that every
free R—module over a principal ideal domain has the SIP.

The following examples show that the direct sum of two modules having
the SIP (resp. SSP), may not have the SIP (resp. SSP).

Example 2.4 There are modules with the SIP (resp. the SSP) such that
their direct sum need not have the SIP (resp. the SSP).

Proof (1) Consider Zy~ as a Z -module. It is clear that Z,~ is indecom-
posable and hence, has the SIP. Now, define a Z—homomorphism f from
Lo 10 Ly as follows

fn/p'+7Z)=n/p"™' +7Z withn € Z and t € N.

It is clear that Ker f = (1/p+ Z). But Z,~ is indecomposable and hence,
Ker f is not a direct summand of Z,e. By Theorem 2.3(1), Zy~ & Zp
does not have the SIP.

(2) Consider Z4 and Zs as Z -modules. It is clear that each of Z, and Z is
indecomposable and hence, has the SIP and the SSP. Define f from Z, to
Zo by f(T) = . Then, Ker f = {0,2} is not a direct summand of Z,. By
Theorem 2.3(1), Zy & Zy does not have the SIP. Now define f from Z, to
Zy by f(z) =2%. Then Im f = 27Z, which is not a direct summand. Hence
Zy @ Zs does not have the SSP by Theorem 2.3(2).

(3) Consider Z @ Z as a Z—module. Since Z is indecomposable, it has the
SSP. But Z & Z has not the SSP by Theorem 2.3(2). (see also [2] or [4]). O

A module M is said to have (D3) if for any direct summands A and
B of M with A+ B = M, AN B is a direct summand of M. Note that
projective modules have (D3), and any direct summand of a module with
(D3) has (D3). Dually, a module M has (C3) if for any direct summands A
and B with AN B = 0 then A® B is a direct summand of M. Any injective
module satisfies (C3), and any direct summand of a module with (C3) has

(C3). (see [7])



Theorem 2.5 Let M be an R—module.

(1) If for any two direct summands A and B of M, A+ B has (D3), then
M has the SIP.

(2) If for any two direct summands A and B of M, AN B has (C3), then
M need not have the SSP.

Proof (1) Assume that for any two direct summands A and B of the
module M, A+ B has (D3). Let M" = A+ B. Then A and B are also
direct summands of M’. By assumption M’ has (D3). It follows that AN B
is a direct summand of M’. Let M' = (AN B)® L for some L < M’'. Then
A=(ANB)& (ANL). Hence AN B is a direct summand of M since A is
a direct summand of M.

(2) It follows from Example 2.6. O

Example 2.6 There are (injective) modules M such that, for any direct
summands A and B of M, AN B has C3 but M need not have the SSP.

Proof Let F' be a field and R denote the following ring

a y 0 0
0 b 00 .
R ={ 00 b z ca,b,x,y € F}, and M the right R—module Rpg
000 a
with matrix operations. All proper submodules of M are
0b 00 0000
0 b 00 0 b 00
K ={ 00 b 2 b,re F}, L={ 00 b z :b,x € F},
0000 000 O
a y 0 0 0y 00
00 00 00 0O
N:{ 00 0 0 .(l,yEF},U:{ 00 0 0 ‘yeF}>
0 00 a 00 0O
0000 0y 0O
0000 0 b 00
V={ 000 2 cxeFy, K+ L={ 00 b 1z cbyx,y € F}.
0000 0000

and, (0), M, K, L and N are the only submodules that are direct summands,
M=N&K=N@&Land KNL=V and SocM =U & V. It follows that
M has (C3) and for any direct summands A and B of M, AN B has (C3).
But K + L is clearly an essential submodule. Hence M does not have the
SSP. M is an injective right R—module (See [6, Examples 16.19]). O



Proposition 2.7 Let M be an R—module. Then

(1) If for any two direct summands A and B of M, A+ B is projective
R—module, then M has the SIP.

(2) If for any two direct summands A and B of M, AN B is injective
R—module, then M has the SSP.

Proof (1) By Theorem 2.5(1).

(2) Let A and B be direct summands of M. By hypothesis M is injective
since MNM = M. Then any direct summand of M is injective, in particular
A and B are injective. By hypothesis M = (AN B) & K for some K < M,
and so

A=(ANB)®(ANK)and B=(ANB)® (BNK).
Therefore AN B, AN K and BN K are injective. Since
A+B=(ANB)®(ANK)® (BNK),

it follows that A 4+ B is injective and then it is a direct summand of M. [J

Corollary 2.8 [2, Lemma 19] Let M be an R—module.
(1) If M has (D3) and the SSP then M has the SIP.
(2) If M has (C3) and the SIP then M has the SSP.

Proof (1) It follows from Theorem 2.5(1).

(2) Let M be a (C3)module. Assume M has the SIP. Let N and T be direct
summands of M. Since M has the SIP, then there exists L. < M such that
(NNT)® L =M. By modularity law, we get that

N=(NNT)®(LNN)and T =(NNT)® (LNT).
Then, we have
N+T=(NNT)+[(LNN)® (LNT)].
Next, we prove that
(NNT)N[(LNN)® (LNT)|] =0.

Forif, z € (NNT)N[(LNN)® (LNT)], then x = ny+ny where n; € LNN
and ny € LNT. We have

no=x—n €[(NNT)+(LON)|N(LNT)<NN(LNT)=0.

Hence, ny = 0 and x = n,. Now,



r=n € (NNT)N(LNN)=NNTNL=0.
Thus,
N+T=(NNT)®(LNN)®(LNT)=Ta& (LNN).

Since M has the SIP and L, N are direct summands, then L N N is a direct
summand and so by (C3) it follows that N +7 =T & (LN N) is a direct
summand of M. Thus, M has the SSP. O

The converse of (1) of Theorem 2.7 is not true in general. Let M denote
the Z—module Zg, and let the submodules A = {0,2,4} and B = {0,3}. It
is clear that A and B are direct summands of M. But A+ B = M is not a
projective Z—module. However, we have the following

Theorem 2.9 Let M be a projective R—module. If M has the SIP, then
for any direct summands A and B of M, A+ B is a projective R—module.

Proof Suppose that M is projective and has the SIP and let A and B
be any direct summands of M. Let M = (AN B) & K for some K < M.
Then A = (ANB)®(ANK), B=(ANB)®(BNK)and A+ B =
(ANB)® (ANK)® (BN K) . By hypothesis AN B, ANK and BN K
are direct summands of M and so they are projective. Hence, A + B is
projective as a direct sum of projective modules AN B, ANK, and BNK.
OJ

Combining Theorem 2.5(1) and Theorem 2.9 we have the following.

Corollary 2.10 Let M be a projective R—module. Then M has the SIP if
and only if for any direct summands A and B of M, A+ B is a projective
R—module.

The dual of Theorem 2.9 is not true in general because otherwise every
injective module with the SSP has the SIP. If it is true then any right hered-
itary ring must be semisimple by [4, Proposition 1.6] and [9, Proposition 3],
this is a contradiction.

3 The direct sum of modules, the SIP and
the SSP

It’s known that each direct summand of an R—module with the SIP
(resp. the SSP) has the SIP(resp. the SSP), but the direct sum of modules



with the SIP(resp. the SSP) may not have the SIP (resp. the SSP)(see
Example 2.4).

In this section we give a necessary condition under which M & N has
the SIP (resp. the SSP).

Now, we start by the following proposition.

Proposition 3.1 (1) Let M be an indecomposable R—module and let N be

any R—module. If M@®N has the SIP, then every nonzero R—homomorphism
from M to N is a monomorphism.

(2) Let M be any R—module and let N be an indecomposable R—module.

If M & N has the SSP, then every nonzero R—homomorphism from M to

N is an epimorphism.

Proof (1) Assume Hom(M, N) # 0 and let f be a nonzero R—homomorphism
from M to N. Since M & N has the SIP, then Ker f is a direct summand
of M. But M is indecomposable, so Ker f =0 and f is a monomorphism.
(2) Assume Hom(M,N) # 0 and let f be a nonzero R—homomorphism
from M to N. Since M & N has the SSP, then I'm f is a direct summand
of N. But N is indecomposable and f # 0, so Im f = N and f is an
epimorphism. O

Recall that an R—module M is Quasi-Dedekind if every nonzero endo-
morphism of M is a monomorphism.

Corollary 3.2 Let M be an indecomposable R—module and let N be any
R—module such that Hom(M,N) # 0. If M & N has the SIP, then M is
Quasi-Dedekind. In particular, if M @& M has the SIP, then M is Quasi-
Dedekind.

Proof By Proposition 3.1(1), there is a monomorphism f from M to
N. Assume M is not a Quasi-Dedekind R—module. Thus, there exists a
nonzero endomorphism g of M such that Ker g # 0. Since f is a monomor-
phism, then Ker fog= Ker g # 0. This is a contradiction. Thus, M is a
Quasi-Dedekind R-module. U

Corollary 3.3 Let M be any R—module and let N be an indecomposable
R—module such that Hom(M,N) # 0. If M & N has the SSP, then every
nonzero R—endomorphism of N is an epimorphism. In particular, if N@® N
has the SSP, then every nonzero R—endomorphism of N is an epimorphism.

Proof By Proposition 3.1(2), there is an epimorphism f from M to N. As-
sume that there exists a nonzero endomorphism g of IV such that Im g # N.
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Since f is an epimorphism, then I'm go f = Im g # N. This is a contra-
diction. Thus, every nonzero R—endomorphism of N is an epimorphism.

O

Proposition 3.4 Let M be an R—module. If R® M has the SIP(resp. the
SSP), then every cyclic submodule of M is projective (resp. direct summand
of M). In particular, if R ® R has the SIP, then every cyclic ideal is
projective as an R—module.

Proof Let m € M, consider the following short exact sequence:

0 — Ker fZ%IRLmRHO

where 4 is the inclusion homomorphism and f is defined as follows f(r) =
mr, for r € R. Let iy be the inclusion homomorphism from mR to M. Now,
consider 75 o f from R to M.

If R®M has the SIP, then by Theorem 2.3(1), Ker izo f is a direct summand
of R. But 75 is a monomorphism, therefore,

Ker f = Kerig0 f.

Thus, the sequence splits. Since R is projective, then mR is projective.
If R® M has the SSP, then by Theorem 2.3(2), Im iso f is a direct summand
of M. But iy is a monomorphism, therefore,

Imiso f=Im f=mR.
Thus, mR is a direct summand of M. O

Before, we state our next result, let us recall that an R—module M is
called dualizable if Hom(M, R) # 0.

Corollary 3.5 Let M be a dualizable indecomposable R—module and M ® R
has the SIP. Then, M is isomorphic to an ideal of R.

Proof Since Hom(M, R) # 0, then by Proposition 3.1, M is isomorphic
to an ideal of R. O

Proposition 3.6 generalizes [9, Lemma 2| and gives a description of in-
jective modules with the SIP.

Proposition 3.6 Let M and N be indecomposable R-modules such that
M s injective and Hom(M,N) # 0. If M @& N has the SIP, then M is
isomorphic to N and M is a Quasi-Dedekind R—module.
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Proof By Proposition 3.1, M is isomorphic to a submodule of N and M
is a Quasi-Dedekind R—module. Since M is injective, there is an injective
submodule Ny of N. By the injectivity of Ny, Ny is a direct summand of
N. Since N is indecomposable, N; = N. Thus M is isomorphic to N. [

The following can be found in [9] with its proof.

Theorem 3.7 Let R be a noetherian domain and M an injective R—module.
If M has the SIP, then either

(1) M is torsion free, or

(2) M is torsion and for any two distinct indecomposable direct summands
A and B of M, Hom(A, B) = 0.

Now, we prove:

Theorem 3.8 Let R be a noetherian domain and M an injective R—module.
The following are equivalent.

(1) M & M has the SIP.

(2) M is torsion free.

(3) ®AM has the SIP for any index set A.

Proof (1) = (2) Since M is a direct summand of M @& M, then M has the
SIP. By Theorem 3.7, M is either torsion or torsion free. Suppose that M
is torsion so M @ M is torsion. Since R is noetherian domain, then by [3,

Theorem 25.6], M = @®,ea M, where M, is an indecomposable submodule
of M. Now, let # € A and hence,

M&M=Mg®d Mz® (BacaMs) ® (BacaM,), with o # .

Now, Mg @ Mgz has the SIP and injective, thus by Corollary 3.2, Mg is
Quasi-Dedekind and hence, M is prime which is a contradiction. To verify
this, suppose Mp is prime. Since M is torsion, then My is torsion. But
Mg is injective over integral domain, therefore, Mg is divisible. Now, let
0#x € Mgand 0 # r € r(x). Since Mg is divisible, then z = yr for some
y € Mg. Thus, Mg is not prime.

(2) = (1) Since M is torsion free, then M & M is torsion free. Thus, M &M
is torsion free and injective hence has the SIP, Proposition 2.1.

(2) = (3) Since M is torsion free, then @, M is torsion free for any index
set A. But ®, M is injective, then by Proposition 2.1, @, M has the SIP. [J

Before starting the next result, we need the following proposition.

Proposition 3.9 Let M = M, & My be an R—module. If r(My)+r(Msy) =
R, then every submodule N of M can be written as N = Ny & Ny, where
Nl S M1 and N2 S MQ.



12

Proof Let N be a submodule of M. Let Ny = Nr(Ms) and Ny = Nr(Mj).
It is easy to show that N; < M; and Ny < Ms,. Therefore, Ny N Ny = 0. It
is enough to show that N < N; @& N,. Let n € N, there exists a € r(M)
and b € (M) such that a + b = 1. Therefore, we have

n=n.l=n.(a+0b) =n.a+n.b.

But n.b € Ny and n.a € Ny. Hence, N = N; & Ny, where N; < M; and
Ny < Ms. O

We end this section by the following theorem giving condition under
which the direct sum of modules with the SIP(resp. the SSP) has the
SIP(resp. the SSP).

Theorem 3.10 Let M and N be two R—modules having the SIP(resp. the
SSP), such that r(M) 4+ r(N) = R. Then, M & N has the SIP (resp. the
SSP).

Proof Let A and B two direct summands of M & N. By the previous
proposition, A = M; & Ny and B = My & N, where M; and M, are two
submodules of M, N; and Ny are two submodules of N. It is easy to show
that M; and M, are two direct summands of M, N; and N, are two direct
summands of V.

If M and N have the SIP, then M; N M is a direct summand of M and
N1 N Ny is a direct summand of N. Therefore, (M; N M) @ (N; N Ny) is a
direct summand of M & N. Now,

(My; N M) @ (Ny N Ny) = (My @ Ny) N (My® No) = AN B,

Thus, AN B is a direct summand of M & N and hence, M & N has the SIP.
If M and N have the SSP, then M; + M, is a direct summand of M and
N1+ Ny is a direct summand of N. Therefore, (M; + M) @ (N7 + N;) is a
direct summand of M & N. Now,

(My+ My) & (N1 + Nay) = (M + Ny) + (Ma+ Ny) = A+ B.

Thus, A + B is a direct summand of M @& N and hence, M & N has the
SSP. 0
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4 Characterization of rings by means of the
SIP and the SSP

In this section, we give some theorems that classify right hereditary,
right semihereditary, semisimple and right V- rings in terms of modules that
have the SIP or the SSP.

The following two theorems give a characterization of right hereditary
and right semihereditary rings. For the proof, see [1].

Theorem 4.1 The following statements are equivalent for a ring R.
(1) R is right hereditary.

(2) Every submodule of a projective R—module is projective.

(8) Every submodule of a free R—module is projective.

Theorem 4.2 The following statements are equivalent for a ring R.

(1) R is right semihereditary.

(2) Every finitely generated submodule of a projective R—module is projec-
tive.

(8) Every finitely generated submodule of a free R—module is projective.

The following theorem appears in [9]. However, we give it with a different
proof.

Theorem 4.3 The following statements are equivalent for a ring R.
(1) R is right hereditary.
(2) Every projective R—module has the SIP.

Proof (1) = (2) Suppose that R is right hereditary and M is any projective
R—module, then by Theorem 4.1, every submodule of M is projective.
Thus, by Corollary 2.10, M has the SIP.

(2) = (1) Let M be any projective R—module and let N be any submodule
of M. Choose a free module F' and an epimorphism ¢ from F' to N. Let
¢ be the inclusion map from N to M . Consider i o ¢ from F to M. By
hypothesis F' @& M has the SIP. By Theorem 2.3(1), Ker i oo is a direct
summand. Since ¢ is a monomorphism, so Ker ioo = Ker o. Hence, N is
isomorphic to a direct summand of F'. Thus, N is projective. U

It is known that a ring R is right hereditary if and only if every factor
module of every injective R—module is injective.

The following theorem, gives a characterization of right hereditary ring
in terms of modules having the SSP.
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Theorem 4.4 ([2, Theorem 10]) The following statements are equivalent
for a ring R.

(1) R is right hereditary.

(2) Every injective R—module has the SSP.

Proof (1) = (2) Suppose that R is right hereditary. Then every factor of
an an injective R—module is injective. Let M be an injective R—module
which has decomposition M = A® B and f be an R—homomorphism from
A to B. Then A is injective. By assumption Im f = A/Ker f is injective.
Hence, I'm f is direct summand of B. Thus, M has the SSP, by Theorem
2.3(2).

(2) = (1) Assume that every injective R—module has the SSP. Let M be
an injective R—module and N be a submodule of M. By assumption the
injective hull E(M/N) of M /N and the injective module M & FE(M/N) have
the SSP. Let ¢ denote the canonical map from M to M /N and ¢ the injection
of M/N into E(M/N) and f the composition of t¢. Then I'm f = M/N.
By Theorem 2.3(2), M/N is direct summand of E(M/N). Hence, M/N is
injective. Thus, R is right hereditary ring. U

Theorem 4.5 The following statements are equivalent for a ring R.
(1) R is right hereditary.
(2) Every free R—module has the SIP.

Proof (1) = (2) Follows from Theorem 4.3.

(2) = (1) Let I be an ideal in R. Choose a free R—module F' and an
epimorphism o from F' to I. Let ¢ be the inclusion map from [ to R .
Consider 7 o ¢ from F to R. Since F' @ R is free, then F' & R has the SIP
and hence, Ker i oo is a direct summand. But ¢ is a monomorphism, then
Ker 100 = Ker o. Thus, Ker o is a direct summand of F' and hence, [ is
projective. U

Hausen in [5], shows that a ring R is right semihereditary if and only
if every finitely generated projective R—module has the SIP. The proof of
Theorem 4.6 follows from the same argument of the proof of Theorem 4.5.

Theorem 4.6 The following statements are equivalent for a ring R.
(1) R 1is right semihereditary.
(2) Every finitely generated free R—module has the SIP.

Theorem 4.7 Let R be a commutative ring. The following statements are
equivalent.

(1) R 1is right semihereditary.

(2) The R—module R ® R & R has the SIP.
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Proof (1) = (2) Clear.
(2) = (1) Let J = aR + bR be two generated right ideal in R. Define f
from R& R to J by

f(ry +re) = ary + bro.

It is clear that f is onto. Let ¢ be the inclusion map from J to R. Since io f
is defined from R & R to R and R & R & R has the SIP, then Ker io f is
a direct summand by Theorem 2.3(1). But ¢ is a monomorphism, therefore
Ker io f = Ker f is a direct summand. Hence, aR + DR is projective
R—module. Thus R is right semihereditary by [8, Corollary 4.4]. O

The following theorems give characterization of semisimple rings in terms
of modules having the SIP [9, Proposition 3] and of modules having the SSP
2, Theorem 9.

Theorem 4.8 The following statements are equivalent for a ring R.
(1) R is semisimple.

(2) Every R—module has the SIP.

(8) Every injective R—module has the SIP.

Theorem 4.9 The following statements are equivalent for a ring R.
(1) R is semisimple.

(2) Every R—module has the SSP.

(8) Every projective R—module has the SSP.

Proof (1) = (2) = (3) Trivial.

(3) = (1) Assume that every projective R—module has the SSP. We show
that R is semisimple. Let K be a submodule of R. Choose a free module
F and an epimorphism 7 from F' onto K. By assumption, the projective
module F' @ R has the SSP.Let ¢ denote the injective map from K to R
and f = (7 the homomorphism from F' to R. Then Im f = K is direct
summand of R, by Theorem 2.3(2). Hence, R is semisimple ring. 0

Now we give some other conditions to characterize semisimple rings.

Theorem 4.10 The following statements are equivalent for a ring R.
(1) R is semisimple.

(2) Every injective R—module has the SIP.

(8) Every injective R—module is semisimple.

(4) Every quasi-injective R—module has the SIP.

(5) Every quasi-injective R—module is semisimple.
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Proof (1) = (2) Clear since every R—module is semisimple.

(2) = (3) Let M be an injective R—module and let N be a submodule
of M. Let f be the natural epimorphism from M to M/N. If M/N is
injective, then M @& M/N is injective and hence, M @& M /N has the SIP.
Thus, Ker f is a summand of M. Thus, M is semisimple. Assume that
M/N is not injective. Let E(M/N) be the injective hull of M /N and ¢ be
the inclusion map from M/N to E(M/N). Now, consider i o f from M to
E(M/N). Since M & E(M/N) has the SIP, Ker io f = Ker f = N is a
direct summand of M. Thus, M is semisimple.

(3) = (4) Let M be any quasi-injective R—module. Let E(M) be the in-
jective hull of M. By (3), E(M) is semisimple. As a submodule of the
semisimple module E(M), M is semisimple and therefore M has the SIP.
(4) < (5) Let M be any quasi-injective module. Let N be any submodule
of M. By (4) M & E(M/N) has the SIP. Let 7 denote the canonical epimor-
phism from M to M /N and i the inclusion map from M /N into E(M/N).
Then Ker io f = N. By Theorem 2.3, N is direct summand of M. Hence,
M is semisimple.

(5) & (1) Let M be any R—module. By (5) E(M) is is semisimple. Then
M is semisimple. U

Dually we have the following characterization of semisimple rings.

Theorem 4.11 The following are equivalent for a ring R.
(1) R is semisimple.

(2) Every free R—module has the SSP.

(8) Every free R—module is semisimple.

(4) Every quasi-projective R—module has the SSP.

(5) Every quasi-projective R—module is semisimple.

Proof (1) = (2) Clear.

(2) = (3) Let M be a free R—module and N < M. There exists a free
R—module F' and an epimorphism f from F' to N. Then F & M is free
and hence has the SSP. Let ¢ be the inclusion map from N to M. Then
Imiof= N is a direct summand of M. Hence M is semisimple.

(3) = (4) Since every R—module is an epimorphic image of a free R—module,
every R—module is semisimple.

(4) = (5) Let M be a quasi-projective R—module and N < M. Let F be
a free R—module and f an epimorphism from F to N. Since F' & M is
quasi-projective, I'm i o f = N is a direct summand of M where i is the
inclusion map from N to M. Hence M is semisimple.

(5) = (1) Clear. O
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Let R be a ring. An R—module X is called finitely copresented if i) X is
finitely cogenerated and ii) in every exact sequence 0 - X — L — N — 0
in Mod -R with L finitely cogenerated, N is also finitely cogenerated. R is a
right V-ring if and only if every finitely cogenerated R—module is semisimple
[10, 23.1] if and only if every finitely copresented R—module is injective [10,
31.7].

Theorem 4.12 The following are equivalent for a ring R.
(1) R is a right V-ring.

(2) Every finitely cogenerated R—module has the SIP.

(8) Every finitely copresented R—module has the SIP.

(4) Every finitely cogenerated R—module has the SSP.

(5) Every finitely copresented R—module has the SSP.

Proof (1) = (2) = (3) They are clear by [10, 23.1] and definitions.

(3) = (1) Let M be a finitely copresented R—module. By [10, 30.1],
E(M) and E(M)/M are finitely cogenerated. Since E(M)/M is finitely
cogenerated, E(E(M)/M) is finitely cogenerated. Since any finitely co-
generated injective modules are finitely copresented, by (3) and [10, 21.4],
E(M)& E(E(M)/M) has the SIP. This implies that Ker (io f) = Ker f =
M is a direct summand of E(M) where f is the canonical epimorphism from
E(M) to E(M)/M and i is the inclusion homomorphism from E(M)/M to
E(E(M)/M). Hence, M is injective. By [10, 31.7], R is a right V-ring.

(1) = (4) = (5) They are clear.

(5) = (1) Let M be a finitely copresented R—module. Then E(M) and
E(M)/M is finitely copresented. Then M & E(M) is finitely copresented
by [10, 30.2(3)]. Consider the inclusion map i : M — E(M). By (5),
Im i = M is a direct summand of E(M). Hence, M is injective. By [10,
31.7], R is a right V-ring. O

We consider the following conditions for modules over the ring R.
(*) Any direct sum of modules with the SIP has the SIP.
(**) Any direct sum of modules with the SSP has the SSP.

Proposition 4.13 If a ring R satisfies (*) or (**), then R is a right V-
ring.

Proof Let M be a finitely cogenerated R—module. Then M is a direct
sum of indecomposable R—modules by [10, 21.3]. Since indecomposable
modules have the SIP and the SSP, then M has the SIP or the SSP by
hypothesis. Then by Theorem 4.12, R is a right V-ring. U
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Proposition 4.14 The following are equivalent for a ring R.
(1) R is a right noetherian ring with (*).
(2) R is semisimple.

Proof (2) = (1) If R is semisimple, then every R—module has SIP by [9].
Hence, (1) holds.
(1) = (2) Let M be an injective R—module. Since R is right noetherian

ring, M is a direct sum of indecomposable modules. Since indecomposable
modules have the SIP, M has the SIP. By [9], R is semisimple. O

Proposition 4.15 Let R be a ring. If R is a right noetherian ring with
(**) then R is a right hereditary right V-ring.

Proof Let M be an injective R—module. Then M is a direct sum of
indecomposable modules. Hence, M has the SSP. By Theorem 4.4, R is
right hereditary. O
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