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Introduction
First-order ODEs

® The simplest ODEs

® Only the first derivative of the unknown function and no higher
derivatives

e Can also contain unknown function y, any given function of x —
(f(x)), and constants

® Solution: a function or a class of function

y = h(x) (1)
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First-order ODEs [SIIIVdle]

Example

ODE: y' = cosx, y(x)=7
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Example
ODE: y' = cosx, y(x)=7

Solution: y = sinx + ¢ — General solution, c : arbitrary constant

y(x) = sinx + ¢
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First-order ODEs [SIIIVdle]

Initial Values

y(x) = sinx + ¢

Circular point — (0,0)
Rectangular point — (%,3)
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First-order ODEs Exponentials

Example

ODE: y' =0.2y
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First-order ODEs Exponentials

Example

ODE: y' =0.2y

0.2x

Solution: y = ce

0.2—k y =ce
if k > 0 exponential growth and if kK < 0 exponential decay

y(x) = 10 x ¢

kx

y(z) =€
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Separable equations
Analytical methods for first-order ODEs

Analytical techniques can only be applied into certain types of DEs.
® Separable equations and the method of separable variables
® Exact equations
® Integrating factors

Solution of linear ODEs
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First-order ODEs Method of Separable Variables

Separable equations

Many practically useful ODEs can be reduced to this form by purely
algebraic manipulations

g(y)y =f(x)

This is the standard form a separable equation!
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First-order ODEs Method of Separable Variables

Separable equations

Many practically useful ODEs can be reduced to this form by purely
algebraic manipulations

g(y)y =f(x) (2)

This is the standard form a separable equation!

Solution can be written:

ey = [ F(dx+c )
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First-order ODEs Method of Separable Variables

Examples!
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First-order ODEs Exact Equations

Exact equations

@ Check if it is a separable equation.
® If not, check if it is an exact equation.
The pattern of an exact equation:

d
M(x,y) + N(X,y)d% =0

I'Having this pattern doesn’t mean that it is an exact equation!!!

MMUS04/MMU703 et 05, B

9/25



First-order ODEs Exact Equations

Exact equations

@ Check if it is a separable equation.
® If not, check if it is an exact equation.
The pattern of an exact equation:

d
M(x,y) + N(X,y)d%(/ =0

I'Having this pattern doesn’t mean that it is an exact equation!!!
What is the benefit of having an exact equation?
If it is an exact equation, we can say that

dV(xy) _,
dx

and the solution will be

V(x,y) = c — constant
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First-order ODEs Exact Equations

Exact equations

V(x,y) = ¢ — constant

What is V(x,y)?
® |t is a function of x and y.
® %:\UX:M(XLV)
°® %:‘UYZN(XLV)
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=2 B s
Exact equations

V(x,y) = ¢ — constant (7)
What is V(x,y)?
® |t is a function of x and y.
o =V, =M(x,y)
° =V, =N(xy)

Confused?
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First-order ODEs Exact Equations

Exact equations

What is the derivative of W(x,y(x)) w.r.t. x? %\U(X,y(x)) =7
Note: y is a function of x!
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Exact equations
What is the derivative of W(x,y(x)) w.rt. x? LW (x,y(x)) =?
Applying the chain rule in partial differentiation :

d IV IV dy

d—\ll(x y)= Ix oy dy dx
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First-order ODEs Exact Equations

Exact equations
SV (x,y(x)) =?

What is the derivative of W(x,y(x)) w.r.t. x?

Applying the chain rule in partial differentiation
dV  JVdy
(8)

d
—V
dx (o) = (9x+(9ydx
f Y in Eq. 8 — M(x,y) in Eq. 4 and
Wln Eq. 8 — N(x,y) in Eq. 4
we know that 4
o O )
(10)

and the solution
V(x,y)=c
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Evact Equations
A nice property

If both W, and W, are continuous, then

\ny = \ny
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bl
A nice property

If both W, and W, are continuous, then

\ny = \ny

This property can be used to check whether it is an exact equation.

M, = N, — Exact Equation
Note that ¥V, =M and ¥, = N.
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First-order ODEs Exact Equations

Examples!
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First-order ODEs Integrating factors

Integrating factors

What if it is not an exact equation?
(Bxy +y?) + (x> +xy)y' =0
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Integrating factors
What if it is not an exact equation?

What if there is a factor that makes it exact equation?
1(x), u(y) or u(x,y)
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First-order ODEs Integrating factors

Integrating factors

P(x,y)+ Q(x,y)% =0 — Pdx+ Qdy =0 (NOT Exact Eq.)
Assuming that the integrating factor is function of only x — (u(x))

M, =uP, and Ny=p'Q+uQx (13)
puP, =1 Q+uQy (14)
Dividing both sides by u@Q
P, dul Qx
Ly R XX 15
Q dxu @ (15)
ldu 1 /dP 9@
P _ (I XX ) =R 1
u dx Q<8y 8X) () (16)
The integration factor becomes
I-L(X) — efR(X)dX (17)
15/25

February 23, 2025

MMUS04/MMU703



First-order ODEs Integrating factors

Integrating factors

Assuming that the integrating factor is function of only y — (u(y))

M, =u'P,+uP, and Ny,=uQ;

Dividing both sides by uP

1du

pdy

HQu=uP+puP,

@ _dul Q
P dyu

(5 5) ="

The integration factor becomes

Hakan Dogan

(x) = el Ry
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First-order ODEs Integrating factors

Examples!
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Linear ODE
Linear ODEs

Standard form for a linear ODE:

y'+p(x)y =r(x) (23)

p(x) and r(x) may be any given function of x.
r(x): force (input)

y(x): output (e.g., displacement)
If r(x) =0, homogeneous:

y'+p(x)y =0 (24)
The solution is
y(x) = ce™ /P (25)
MMU604/MMU703
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Linear ODE
Nonhomogenous linear ODEs

y'+p(x)y =r(x) (26)

If r(x) #0, it is a nonhomogenous linear ODE.
Taking the integrating factor — p(x), Eq.29 can be written as:

py'+pPy = uR (27)
For the left hand side
(uy) =u'y +uy’ (28)

if WPy = 'y — 1’ = uP and therefore, p = e/ P = e" and W = P.
Rewriting Eq.30:

ey +ey = ey +(e")y = (e"y) = re" (29)
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First-order ODEs Linear ODE

Nonhomogenous linear ODEs

el = [ erdx+ ¢ 30
y

—eh erdx + ¢ 31
y
y = e’h/ehrdx—k ceh (32)

Total output = Response to the input + Response to the initial data
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First-order ODEs [RITEIROID]=

Examples!
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First-order ODEs Population Dynamics

Population dynamics

Malthus

Exponential growth:

dP

= P
dc
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First-order ODEs Population Dynamics

Population dynamics

Malthus Verhuli%t
Exponential growth: Logistic equation:
dP
— =P dP P
dt — —=r(1—-—)P
G
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Bemnoull equation
Bernoulli Equation (For PhD Students)

y'+p(x)y =g(x)y?

It's linear for a=0 and a =1, otherwise nonlinear.
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Bernouli equation
Bernoulli Equation (For PhD Students)

y'+p(x)y =g(x)y?

It's linear for a=0 and a = 1, otherwise nonlinear.
It can be transformed to linear ODEs:

u(x) = (y(x))"*
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Bernouli equation
Bernoulli Equation (For PhD Students)

y'+p(x)y =g(x)y?

It's linear for a=0 and a = 1, otherwise nonlinear.
It can be transformed to linear ODEs:

u(x) = (y(x))"*

It becomes:
v+ (1—a)pu=(1-a)g
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Bernouli equation
Bernoulli Equation (For PhD Students)

y'+p(x)y =g(x)y?

It's linear for a=0 and a = 1, otherwise nonlinear.
It can be transformed to linear ODEs:

u(x) = (y(x))"*

It becomes:
v+ (1—a)pu=(1-a)g

With this, the solution of the logistic equation is possible:

Logistic equation:y’ = Ay — By?
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Bemnoull equation
Logistic Equation (For PhD Students)

Logistic equation:y’ = Ay — By?

The solution:
1 1

Y=uT ce At+B/A
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First-order ODEs Next Lecture

End of this week!
Next week: Second-order ODEs
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