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INTRODUCTION

Circulating fluidized bed (CFB) technology has been
successfully utilized in many industrial processes such
as fossil fuel combustion, coal gasification and fluid
catalytic cracking (FCC) due to its superior
characteristics over low velocity (bubbling and
turbulent) fluidized beds. The cited advantages of CFB
reactors over low velocity fluidized bed reactors can be
listed as improved gas-solid contacting, higher slip
velocity between gas and particles, reduced cross-
sectional area for the same superficial gas velocity and
good turndown capability [1,2].

In most applications of CFB reactors, the reactants
are injected laterally at a certain height along the riser
for different purposes [3]. For instance, in fossil fuel
combustion, secondary air injection, apart from the
primary fluidization air injected from the bottom of the
bed, is an effective way of controlling NOx formation
[4]. Mixing of secondary air (SA) stream with the rising
gas-solid suspension is an important aspect that needs to
be considered in designing a CFB boiler. The estimated
penetration length of SA jets are used to determine the
width of the boiler cross-section [5]. Previous studies
have shown that the lateral dispersion of gas, which is
due to gas turbulence, is usually poor [6,7]. Leckner
proposed that a reasonably complete mixing from a
point source in a commercial CFB riser can only be
attained after an axial distance of 50 times the bed
diameter [7]. The potential of incomplete mixing of SA
with the fuel and the rising gas-solid suspension may
lead to hydrocarbon emissions or reverse sulfation at
oxygen lean zones as well as NOx formation at oxygen
rich zones of the riser [3].

Secondary air-to-total fluidization air flow ratio
(SA/TA), height of the secondary air injection port from
the distributor plate, design of the injector (i.e. diameter,
orientation..etc) and the operational conditions are the
main parameters that affect the mixing of SA with the
gas-solid suspension [8,9]. Thus, information about the
effects of these parameters and the operating conditions
on SA mixing problem is essential in determining the
performance of a CFB combustor.

In this article, mixing of SA with the gas-solid
suspension in a lab scale CFB riser is investigated using
an Eulerian-Eulerain (two-fluid) approach. Fluent V4.5,
a commercial software, is used for grid generation and
simulations.

HYDRODYNAMIC MODEL

In two-fluid approach, both gas and solid phases are
treated as interpenetrating continua. Thus, each phase is
characterized by its own mass, momentum and energy
conservation equations closed by suitable closure laws.
The following equations are derived by ensemble
averaging the local instantaneous equations and the
interactions between the phases for an isothermal,
incompressible flow of gas and solid phases without
mass transfer [10].
Conservation of mass for gas and solid phases:
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where α is volume fraction, ρ is density and U
r

is mean
velocity of each phase while g and s denote the gas and
solid phases, respectively.
Conservation of momentum for gas and solid phases:
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where p is hydrostatic pressure shared by both phases,

ps is solid pressure, gτ is gas laminar stress tensor,

Re
gτ gas turbulent or “Reynolds stress” tensor, sτ is

solid phase stress tensor and β is gas-solid momentum
exchange coefficient. Both gas laminar and solid phase
stress tensors can be expressed using a Newtonian
stress-strain relation:
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where µg is gas absolute viscosity, µs is effective solid
shear viscosity and ξs is solid bulk viscosity.



CLOSURE LAWS

Gas-Solid Momentum Exchange Coefficient, ββ:
Sylamlal and O’Brien proposed the following
correlation for β [11]:
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where dp is particle diameter and Vts is the ratio of
terminal velocity of a group of particles to that of an
isolated one given as:
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Solid phase pressure [12]:
( )[ ]sossss ge121p α++Θρα= (12)

where e is particle-particle coefficient of restitution and
go is radial distribution function given as [11]:
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The granular or pseudo temperature, Θs [m2/s2]
describes the fluctuating energy of the solid phase as:

'
s

'
ss u.u

2
1

2
3 rr=Θ (14)

where denotes the ensemble averaging and 'u
r

is

fluctuating component of solid phase velocity.
Solid phase bulk viscosity [11, 12]:
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Collisional part of the solid shear viscosity [11, 12]:

π
Θ

+ρα=µ s
opsscoll,s )e1(gd

5
4 (16)

Kinetic part of the solid shear viscosity [11]:
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The granular temperature is found by solving the solid
fluctuating energy balance equation [12]:
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where kΘ is the diffusion coefficient given as [11]:
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Dissipation of fluctuating energy [13]:
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Energy exchange between gas and solid phases [12]:
Θβ−=φ 3gs (20)

Gas Phase Turbulence
Gas phase turbulence is taken into account with a
modified k-ε eddy viscosity model [14,15]. According
to Boussinesq hypothesis:
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where kg [m2/s2] is the gas turbulent kinetic energy
defined as:
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and µg,t is the gas turbulent viscosity described as:
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where εg [m
2/s3] is the dissipation rate of gas turbulent

kinetic energy.
Gas turbulent kinetic energy and its dissipation rate are
obtained from the solutions of two transport equations,
(24) and (25):
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where g,kΠ and g,εΠ are the terms which represent the

effects of the solid phase on gas phase kinetic energy
and dissipation.

( )reldrggsggg,k U.Uk2k
rr

+−ρβα=Π (26)

g,k
g

g
g,3g, k

C Π
ε

=Π εε from [17] (27)

sgrel UUU
rrr

−= (28)

In the above equations, kgs is the gas-particle covariance
representing the correlation between the velocity

fluctuations of the gas and solid phase and drU
r

is the
drift velocity describing the dispersion of particles by
large scale turbulence [14]. A model for drift velocity
was proposed by Deutsch and Simonin [14] with the
assumption that the particles are suspended in
homogenous turbulence as :
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where t
gsD is binary turbulent diffusion coefficient:
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t
gsτ is eddy-particle interaction time or fluid Lagrangian

integral time scale as viewed by particles:
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where E,gτ is Eulerian integral time scale of gas phase

given as:
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θ is the angle between mean particle velocity and the
mean relative velocity (28) and
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Gas-particle covariance, kgs, is expressed as [14]:
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where ηr is the ratio of the Lagrangian integral time
scale and particle relaxation time:
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Particle relaxation time is defined as:
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Cv is added mass coefficient taken as 0.5. Also from
[14];
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The constants used in the model are the same as those of
a single phase standard k-ε model except the Cε3,g

proposed by [17].

Table 1. Values of the constants used in the k-εε
model for the gas phase.

Cµµ,g σσk,g σσεε,g Cεε1,g Cεε2,g Cεε3, g

0.09 1.0 1.3 1.44 1.92 1.2

Solid Phase Turbulence
Turbulent kinetic energy and viscosity of the solid

phase are predicted in the framework of Tchen’s theory
[14,15,16]. Thus, solid phase turbulent kinetic energy
and viscosity are expressed as:
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Effective solid shear viscosity, µs, is the sum of the
collisional and kinetic terms from kinetic theory and
solid turbulent viscosity.
Interphase Turbulent Momentum Transfer [14]:
Interphase turbulent momentum transfer is taken into
account by the following term added to the momentum
exchange term in (3) and (4):
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Hence, for turbulent flows, the momentum exchange
term in (3) and (4) is modified as:
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NUMERICAL SCHEME AND BOUNDARY
CONDITIONS

Fluent V4.5 uses a control volume technique
proposed by Patankar [19] to solve the system of
conservation equations described. In this technique, the
domain is divided into discrete control volumes using a
general curvilinear grid and the governing equations are
integrated over the individual control volumes to
construct the algebraic equations solved by Line Gauss
Siedel method for the discrete unknowns. The power-
law differencing scheme is used for interpolation
between grid points and to calculate the derivatives of
the flow variables [19].

In all of the simulations performed in this study, the
coefficient of restitution was taken to be 1. Hence,



particle collisions are assumed to be perfectly elastic.
No slip boundary condition was applied for gas phase
velocity whereas the solid phase was allowed to slip on
the walls. The flux of the fluctuating kinetic energy of
solid phase was set to be equal to zero at the wall. The
inlet value of the granular temperature was taken to be
same as the inlet velocity of the solid phase. At the near-
wall region, standard wall function approach [20] was
used for gas phase turbulence assuming that this
approach does not cease to be valid for dilute gas-solid
flows.

PREDICTION OF RISER FLOW IN A CFB

The described model was first tested against the
results of the experiments performed by [18] in a lab
scale CFB riser (0.075 m ID, 6.6 m high) with FCC
particles (ρs =1714 kg/m3, dp = 75 µm). The simulations
wre performed on a 2D Cartesian grid (105×35) for 30 s
(Figure 1). Uniform, plug flow was assumed for both
phases at the inlet. The superficial gas velocity and
solids mass flux were set to be 2.89 m/s and 12 kg/m2.s,
respectively; same as the experimental values. The inlet
volume fraction of FCC was set as 0.1, similar to
experimental measurements. The inlet FCC velocity
was determined from prescribed solids mass flux and
volume fraction.

Figure 1. Simulation of IIT Riser [18].

Figures 2 and 3 compare the predicted FCC axial
velocity and volume fraction with the experimental
measurements at a height of 5.52 m from the distributor
plate. Both figures show that the agreement with the
experiments is reasonably good. Qualitatively, the
model predicts the segregation near the wall region,
typical to vertical gas-solid pipe flows, satisfactorily.
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Figure 2. Comparison of FCC axial velocity prediction
with the experiment.

0.00

0.01

0.02

0.03

0.04

0.05

-4 -3 -2 -1 0 1 2 3 4

Distance [cm]

FC
C

 V
ol

um
e 

Fr
ac

tio
n

Simulation

Miller and
Gidaspow [18]

Figure 3. Comparison of FCC volume fraction
prediction with the experiment.

APPLICATION OF MODEL TO SECONDARY
AIR MIXING PROBLEM

The model is used to investigate the effects of solids
loading and secondary-to-total air flow ratio (SA/TA)
on the mixing behavior of SA with the gas-solid
suspension. The geometry (Figure 4) of the grid was
designed according to the dimensions of CFB pilot plant
at Dalhousie University (7.6 m high, 0.23 m ID). The
simulations were performed on a 2D Cartesian grid
(50×40) for 10 seconds with sand particles ((ρs =2650
kg/m3, dp = 130 µm). The superficial gas velocity was
kept constant at 5 m/s. Two different solid mass flux
and SA/TA values were simulated; Gs = 10 kg/m2s and
50 kg/m2s, SA/TA = 0.25 and SA/TA = 0.5. Uniform,
plug flow was assumed for both phases at the inlet with
sand volume fraction being 0.02. The turbulent intensity
of the air at both inlets were set as 5 %. Carbon dioxide,
CO2, was used as a tracer gas and mixed with SA. The

Outlet

Inlet
αs = 0.1, Us = 0.07 m/s, Θs = 0.07 m2/s2,
Ug = 3.21 m/s

6.6 m

0.075 m ID

2D Cartesian
Grid
∆X = 0.76 mm
∆Y = 0.228 m



flow rate of CO2 was set to be 1 % of the total flow rate
in the simulations.

Figure 4. Grid geometry for SA mixing study

The transport of the tracer gas, CO2, is governed by
the following convection-diffusion equation:
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where Yi is the mass fraction of the tracer gas and Γeff is
the effective dispersion coefficient of CO2 in air given
by:
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DCO2 is the binary molecular diffusion coefficient of
CO2 in air (1.65×10-5 m2/s at STP) and Sct is turbulent
Schmidt number defined as:

tg

t,g
t D

Sc
ρ

µ
= (46)

Dt is the turbulent dispersion coefficient of CO2 in air. A
constant Schmidt number of 0.7 was used in the
simulations.

The tracer concentration in the following figures
was non-dimensionalized by dividing it by the mean
mixed concentration, Co, which is defined as the total
tracer volumetric flow rate divided by the total
fluidization air flow rate.

Figure 5 shows the prediction of tracer gas
concentration at different elevations above SA injection
port for solids mass flux, G = 10 kg/m2s and SA/TA =
0.5. It is clearly seen that for the given conditions the
mixing of SA with the rising gas-solid suspension is far
from being satisfactory even at a height of 3 m above
SA injection port.

Figures 6, and 7 show the effects of solids loading
on mixing of SA with gas-solid suspension for SA/TA =
0.5 at two different elevations above the SA injection
port. As can be inferred from these figures, mixing is
retarded as the loading increases in the range of solids

mass flux investigated. Thus, the quickest mixing along
the riser is achieved in the case empty pipe.

Figure 8 presents the effects of SA/TA on mixing
for G = 10 kg/m2s. The trends of the curves are
consistent with the fact that increasing SA/TA increases
the mixing quality. As momentum of the SA increases
with increasing SA/TA, the gas can penetrate more
through the gas-solid suspension in the lateral direction
increasing mixing. Also, the shear induced by the SA jet
generates turbulence increasing its kinetic energy which
in turn increases the net turbulent dispersion of gas in
the lateral direction as shown in Figure 9. The gas phase
turbulent kinetic energy for SA injection case is
predicted an order of magnitude larger than that for non-
SA injection case just above SA injection port as can be
seen in Figure 9.

In the present formulation of mixing (44), (45) and
(46), the dispersion coefficient is solely dependent on
the gas turbulent viscosity, hence on gas phase turbulent
kinetic energy. Thus, modeling of gas turbulence is the
key element in predicting SA mixing. In gas turbulent
kinetic energy equation (24), Πg,k represents “the energy
necessary to accelerate the particles or the energy
transferred from the particles to the gas phase if the
particles have high fluctuation velocities in a region
where the gas phase turbulent kinetic energy is low”
[10]. In the range of operational conditions in current
study with sand particles, the interaction term always
acts to decrease the gas phase turbulent kinetic energy
as shown in Figure 10. In fact, the results presented here
are in agreement with the recent studies on turbulence
modulation in two-phase flows [21, 22]. For instance,
Hestroni [21] proposed that in a gas-solid flow, if Rep <
400, the gas phase turbulence is attenuated whereas it is
augmented for Rep > 400. However, the degree of
attenuation in gas phase turbulence is questionable and
must be validated against experimental data. Especially,
the effects of the constants used in k-ε model need more
investigation as it was previously shown that they could
be functions of Stokes number and solids loading [23].
Furthermore, the present formulation does not take the
turbulence production in the wakes behind the particles
which can also decrease the level of attenuation.

The future works is directed towards 3-D
simulations and experimental validation of the results.
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G = 10 kg/m2s, SA/TA = 0.5
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