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• Inverse Dynamics
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The joint reaction force computed at 
the joint is independent of this 
compressive load, and the net 
compressive load (joint reaction 
force plus muscle compressive 
load) cannot be computed from the 
methods of this chapter. 

Inverse DynamicsF=ma
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Inverse DynamicsF=ma

The first devices for measuring foot–ground contact forces were 
designed in the late 1800s by Étienne-Jules Marey and his 
student Gaston Carlet. By embedding pressure transducers into 
the sole of a shoe, Marey and Carlet were able to estimate the 
forces exerted between the foot and the ground during gait.
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Inverse DynamicsF=ma

In order to analyse walking we modified the method which 
we had used to measure movement of the knee: we 
illuminated different parts of the human body by 
Geissler tubes rather than electric sparks. These tubes 
were filled with rarefied nitrogen since, when incandescent, 
this gas emits many chemically active rays. In order to 
record the successive positions of the human body in 
walking without taking into account the contingent 
deformations of the hand and foot, it would have been 
sufficient to attach small tubes to all the big joints. 
However, we decided to use long, thin, straight tubes, 
so as to provide a better overall view of the changes in 
the position of the body and a more reliable 
determination of the successive phases of the different 
curves of displacement. The tubes were attached to, e. g. 
the upper arm and thigh (between the two adjacent joints), 
the forearm, lower leg and foot (from one of the two joints 
to beyond the middle of the limb). The experimental 
subject wore a black jersey suit (Fig. 5), similar to the one 
used by Marey. The suit provided a dark background for 
the tubes and permitted better attachment of the tubes to 
the body. 1895
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Drawing of Geissler tubes illuminated by their own light, from 1868 French physics book, 
showing some of the many decorative shapes and colors

Heinrich Geissler 
(1814 - 1879)
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Inverse DynamicsF=ma

The major drawback of inverse dynamics analysis using motion-capture 
data is the compilation of errors from all the measurements and 
calculations required to derive joint torque estimates. These errors arise 
from a variety of sources, including experimental and systemic errors, and 
are worth an exhaustive description.


First, the measurement of marker position data in real-time has associated 
errors from noise and calibration inaccuracies. When joint centers are 
approximated by marker locations a difference invariably exists between 
the modeled center of rotation and the anatomical joint center. The 
repeatability of marker placement on the body contributes to this issue. 
Even if the markers were able to be placed with perfect accuracy and exact 
repeatability and precisely tracked, the soft tissues of the limbs allow the 
marker to move relative to the bone. Error in the marker position data also 
compounds when numerically differentiating the discrete data points to 
obtain segment velocities and again when calculating accelerations.
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Inverse DynamicsF=ma

All of these errors compound when moving along the chain of segments, getting 
progressively worse at each step. Because each segment solution depends on the 
reaction forces from the previous segment, any errors in the calculated values for 
one segment will propagate to the adjacent segments. Thus, the accuracy of forces 
and torques calculated on the first segment has a profound effect on the reliability 
of the calculated values further up the model. Since the forces and torques are 
calculated directly from the second derivative of position data from a video motion 
capture system, any noise in the position measurement increases non-linearly in the 
calculation of velocity, and again for acceleration. Kuo (1998) proposed an 
alternative method for inverse dynamics which solves all of the equations 
simultaneously in a least squares sense to find the joint torques that best satisfy the 
equations. Kuo demonstrated a 30% reduction in error in calculated joint torques 
compared to a conventional analysis, with both solutions being compared to a 
forward simulation.Van den Bogert et al. (2008) proposed an alternative method 
also using a least squares solution, which expanded on Kuo’s work to a 3-
dimensional system and analysis of partial ground reaction data. They compared the 
error between the conventional and alternative methods on measured data, and 
compared noise to estimated noise derived from a Monte Carlo simulation.
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∑ Fnx = mn a nx

−m a nx + F (n−1)x − Fnx = 0

Inverse DynamicsF=ma

∑ Fny = mn a ny

∑ T n = In α n

−m a ny + F (n−1)y − Fny − m g = 0

−In α n + T n−1 − T n + F (n−1)x(Ln − rn)Sinθn − F (n−1)y(Ln − rn)Cosθn + FnxrnSinθn − FnyrnCosθn = 0

Fnx

Fny

F (n−1)y

F (n−1)x

T n

T n−1

θn

L n

mn g

r n
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x =

| | F1x | |

| | F1y | |

| | T 1 | |
⋮

| | Fnx | |

| | Fny | |

| | T n | |

Inverse DynamicsF=ma

0
0
0
⋮
0
0
0

=

∑ Fx1 − m1a1x

∑ Fy1 − m1a1y

∑ T 1 − I1α1
⋮

∑ Fxn − mnanx

∑ Fyn − mnany

∑ T n − Inαn

= A . x − b

x is the vector of 
i n te r segmenta l 
force and joint 
torque quantities 
defined for every 
joint using 

b is the vector of 
constant mass and 
inertial properties, 
a n d m e a s u r e d 
acce le ra t ions for 
every segment, and A 
is the matrix of all 
coefficients for the 
equations including 
every segment and 
joint.
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Inverse DynamicsF=ma

0
0
0
⋮
0
0
0

=

∑ Fx1 − m1a1x

∑ Fy1 − m1a1y

∑ T 1 − I1α1
⋮

∑ Fxn − mnanx

∑ Fyn − mnany

∑ T n − Inαn

= A . x − b

This equation has no exact solution since A is longer than x, but the least squares solution can be found by the optimization.

x = argminx( |A . x − b |2 ) = (AT . A)−1 . AT . b
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Inverse DynamicsF=ma

Inverse dynamics with ground reaction forces

1. Create free-body diagram

• Reaction forces & moments

• Distance forces & moments


2. Form motion quantities (kinematics)

• Positions (  )

• Velocities (  )

Accelerations (  )


3. Apply Newton’s 2nd law (kinetics)


• Forces (  ) ( )


• Moments (  )  

x, y, θ
·x, ·y, ·θ

··x, ··y, ··θ

∑ Fx = m··x ∑ Fy = m··y

∑ M = I··θ
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Inverse DynamicsF=ma

• Planar, 3 degrees of freedom

• Position (orientation) in global 

coordinate system

• Segment length = 

• Distance to mass center length = 

• Moments of inertia about mass center

• Foot has no mass and remains on 

ground 

li
ri

Inverse dynamics with ground reaction forces

ground reaction Forces & Moment
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x =

Fx1

Fx2

Fy1

Fy2

T1
T2
Fx3

Fy3

T3

Inverse DynamicsF=ma

b =

−m1r1(sinθ1
··θ1 + cosθ1

·
θ2

1 )

m1(r1(cosθ1
··θ1 − sinθ1

·
θ2

1 ) + g)
I1

··θ1

−m2(l1(sinθ1
··θ1 + cosθ1

·
θ2

1 ) + r2(sinθ2
··θ2 + cosθ2

·
θ2

2 ))

m2(l1(cosθ1
··θ1 + sinθ1

·
θ2

1 ) + r2(cosθ2
··θ2 − sinθ2

·
θ2

2 ) + g)
I2

··θ2

A . x = b
Inverse dynamics with ground reaction forces

A =

1 −1 0 0 0 0 0 0 0
0 0 1 −1 0 0 0 0 0
1 −1 r1sinθ1 −r1cosθ1 (l1 − r1)sinθ1 (l1 − r1)cosθ1 0 0 0
0 1 0 0 0 0 −1 0 0
0 0 0 1 0 0 0 −1 0
0 r2sinθ2 0 −r2cosθ2 0 1 (l2 − r2)sinθ2 −(l2 − r2)cosθ2 −1
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x =

Fx1

Fx2

Fy1

Fy2

T1
T2
Fx3

Fy3

T3
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b =

−m1r1(sinθ1
··θ1 + cosθ1

·
θ2

1)

m1(r1(cosθ1
··θ1 − sinθ1

·
θ2

1) + g)
I1

··θ1

−m2(l1(sinθ1
··θ1 + cosθ1

·
θ2

1) + r2(sinθ2
··θ2 + cosθ2

·
θ2

2))

m2(l1(cosθ1
··θ1 + sinθ1

·
θ2

1) + r2(cosθ2
··θ2 − sinθ2

·
θ2

2) + g)
I2

··θ2

Inverse dynamics with ground reaction forces
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Inverse DynamicsF=ma

A =

1 −1 0 0 0 0 0 0 0
0 0 1 −1 0 0 0 0 0
1 −1 r1sinθ1 −r1cosθ1 (l1 − r1)sinθ1 (l1 − r1)cosθ1 0 0 0
0 1 0 0 0 0 −1 0 0
0 0 0 1 0 0 0 −1 0
0 r2sinθ2 0 −r2cosθ2 0 1 (l2 − r2)sinθ2 −(l2 − r2)cosθ2 −1

Inverse dynamics with ground reaction forces
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x =

Fx1

Fx2

Fy1

Fy2

T1
T2
Fx3

Fy3

T3
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b =

−m1r1(sinθ1
··θ1 + cosθ1

·
θ2

1)

m1(r1(cosθ1
··θ1 − sinθ1

·
θ2

1) + g)
I1

··θ1

−m2(l1(sinθ1
··θ1 + cosθ1

·
θ2

1) + r2(sinθ2
··θ2 + cosθ2

·
θ2

2))

m2(l1(cosθ1
··θ1 + sinθ1

·
θ2

1) + r2(cosθ2
··θ2 − sinθ2

·
θ2

2))
I2

··θ2

−m3(l1(sinθ1
··θ1 + cosθ1

·
θ2

1) + l2(sinθ2
··θ2 + cosθ2

·
θ2

2) + r3(sinθ3
··θ3 + cosθ3

·
θ2

3))

m3(l1(cosθ1
··θ1 − sinθ1

·
θ2

1) + l2(cosθ2
··θ2 − sinθ2

·
θ2

2) + r3(cosθ3
··θ3 − sinθ3

·
θ2

3) + g)
I3

··θ3

Inverse dynamics without ground reaction forces
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Inverse DynamicsF=ma

A =

1 −1 0 0 0 0 0 0 0
0 0 1 −1 0 0 0 0 0
1 −1 r1sinθ1 −r1cosθ1 (l1 − r1)sinθ1 (l1 − r1)cosθ1 0 0 0
0 1 0 0 0 0 −1 0 0
0 0 0 1 0 0 0 −1 0
0 r2sinθ2 0 −r2cosθ2 0 1 (l2 − r2)sinθ2 −(l2 − r2)cosθ2 −1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 r3sinθ3 −r3cosθ3 1

Inverse dynamics without ground reaction forces


